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ABSTRACT 

The e l a s t i c  d i f f e r e n t i a l  s c a t t e r i n g  o f  H?' i n  H e  i s  c a l c u l a t e d  a t  t h e  

b a r y c e n t r i c  e n e r g i e s  1 5 ,  50 ,  and 300 e V  f o r  c o m p a r i s o n  w i t h  t h e  e x p e r i m e n t s  

o f  L o r e n t s  and A b e r t h  ( p r e c e d i n g  p a p e r ) .  We u s e  a v a i l a b l e  computed p o t e n -  

t i a l s  

He '  + He.  
p r i n c i p l e  o f  s u p e r p o s i t i o n  t o  t h e  c l a s s i c a l  s c a t t e r i n g  a m p l i t u d e s  a p p r o -  

p r i a t e  t o  t h e  p u r e  g and  u s t a t e s ,  i . e . ,  a m p l i t u d e s  whose m a g n i t u d e s  and 

p h a s e s  a r e  g i v e n  by c l a s s i c a l  i n t e g r a l s  o v e r  t h e  t r a j e c t o r i e s  c o r r e s p o n d i n g  

t o  t h e  g and u p o t e n t i a l s  s e p a r a t e l y .  The i n t e r f e r e n c e  t a k e s  p l a c e  a t  t h e  

common a n g l e  8 ,  
tum i n  t h e  2 s t a t e s .  Non-ze ro  minima o c c u r  even  i n  2 - s t a t e  e l a s t i c  s c a t -  

t e r i n g  b e c a u s e  t h e  2 i n t e r f e r i n g  terms may d i f f e r  i n  m a g n i t u d e .  A s e c o n d a r y  

i n t e r f e r e n c e  a t  l a r g e  a n g l e s  i s  i d e n t i f i e d  a s  an e f f e c t  o f  n u c l e a r  symmetry 

t h a t  s h o u l d  d i s a p p e a r  i n  a n  e x p e r i m e n t  u s i n g  2 d i f f e r e n t  i s o t o p e s .  I t  i s  

l i k e l y  t h a t  a l l  t h e  d e t a i l s  s e e n  i n  t h e  e l a s t i c  s c a t t e r i n g  e x p e r i m e n t s  a t  

t h e s e  e n e r g i e s  c a n  be a c c o u n t e d  f o r  q u a n t i t a t i v e l y  by t h e  2 - s t a t e  t h e o r y ,  

b u t  t o  e x p l a i n  t h e  d a t a  a t  t h e  l o w e s t  e n e r g i e s  and t h o s e  a t  t h e  l a r g e s t  

a n g l e s  would r e q u i r e  knowledge  no t  now a v a i l a b l e  of t h e  b e h a v i o r  o f  t h e  

p o t e n t i a l s  a t  l a r g e  and  s m a l l  R .  

o f  t h e g  and u s t a t e s  o f  He; d i s s o c i a t i n g  s m o o t h l y  t o  g round  s t a t e  

The q u a n t a l  i n t e r f e r e n c e  p a t t e r n  , i s  r e p r o d u c e d  by a p p l y i n g  t h e  

and u s u a l l y  i n v o l v e s  d i f f e r e n t  v a l u e s  o f  t h e  a n g u l a r  momen- 
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I INTRODUCTION 

The c a l c u l a t i o n s  w e  a r e  r e p o r t i n g  h e r e  o f  t h e  s c a t t e r i n g  o f  He' by 

H e  were  p rovoked  by t h e  f a s c i n a t i n g  e x p e r i m e n t a l  d a t a  o f  t h e  p r e c e d i n g  

p a p e r  by L o r e n t s  and  A b e r t h  . J u s t  a s  t h e i r  work i s  i n t i m a t e l y  r e l a t e d  

t o  t h e  e x p e r i m e n t s  o f  E v e r h a r t  and h i s  a s s o c i a t e s '  on symmet r i c  c h a r g e -  

e x c h a n g e  s c a t t e r i n g ,  so t h e  t h e o r y  i s  r e l a t e d  t o  a n  e v e n  l o n g e r  h i s t o r y ,  

b e g i n n i n g  w i t h  t h e  c l a s s i c  work of  M o t t 3  and o f  Massey and  S m i t h 4 .  

I n d e e d ,  t h e  b a s i c  t h e o r y  w e  s h a l l  n e e d  i s  a l r e a d y  p r e s e n t  i n  t h o s e  p a p e r s  

o f  more t h a n  t h i r t y  y e a r s  ago .  I t  i s  a mark o f  t h e  n a t u r a l  f o r g e t f u l n e s s  

o f  p h y s i c i s t s ,  a m e l i o r a t e d  o n l y  by t h e  memory on o u r  l i b r a r y  s h e l v e s ,  t h a t  

t h e  r e m a r k a b l e  o s c i l l a t i o n s  f i r s t  s e e n  by E v e r h a r t  were g r e e t e d  by many of  

u s  a few y e a r s  ago  w i t h  s t a r t l e d  s u r p r i s e  and even  i n c r e d u l i t y .  

1 

The s p e c i a l  f e a t u r e s  o f  c o l l i s i o n s  be tween i d e n t i c a l  p a r t i c l e s  i n  

quantum m e c h a n i c s  were f i r s t  i n v e s t i g a t e d  by Mott  i n  c o n n e c t i o n  w i t h  t h e  

s c a t t e r i n g  o f  ~1 p a r t i c l e s  by H e  n u c l e i .  

c o n s i d e r a t i o n s  t o  He' - He s c a t t e r i n g  i n  t h e i r  s t u d y  o f  t h e  mot ion  o f  

p o s i t i v e  i o n s  t h r o u g h  g a s e s ,  and  d e r i v e d  t h e  b a s i c  f o r m u l a s  w e  s h a l l  u s e .  

They u l t i m a t e l y  c a l c u l a t e d  a t o t a l  c r o s s  s e c t i o n ,  u s i n g  p o t e n t i a l s  f o r  

He: due  t o  P a u l i n g ' ,  b u t  t h e y  c o u l d  have  computed d i f f e r e n t i a l  c r o s s  

s e c t i o n s  a s  w e l l .  T h e i r  e x p r e s s i o n  f o r  t h e  d i f f e r e n t i a l  s c a t t e r i n g  

a m p l i t u d e  c l e a r l y  d i s p l a y s  i t s e l f  a s  a sum o f  i n d e p e n d e n t  terms whose 

i n t e r f e r e n c e  would  c r e a t e  j u s t  t h e  s o r t  o f  o s c i l l a t i n g  p a t t e r n  E v e r h a r t  

found .  

Massey and S m i t h 4  a p p l i e d  s i m i l a r  

L i t t l e  t h e o r e t i c a l  work was done  on a t o m i c  d i f f e r e n t i a l  s c a t t e r i n g  

c r o s s  s e c t i o n s  be tween 1933 and 1959, b u t  much was done  on  t o t a l  c r o s s  

s e c t i o n s .  Among o t h e r  d e v e l o p m e n t s ,  t h e  impac t  p a r a m e t e r  a p p r o x i m a t i o n  

became p o p u l a r  f o r  c o l l i s i o n s  a t  m o d e r a t e l y  h i g h  e n e r g i e s - i n  t h i s ,  t h e  

n u c l e i  a r e  c o n s i d e r e d  t o  move c l a s s i c a l l y  and u n d e f l e c t e d  a l o n g  t h e i r  

i n i t i a l  t r a j e c t o r y ,  

v a r y i n g  p o t e n t i a l  due  t o  t h e  moving n u c l e i .  

i m m e d i a t e l y  t o  t h e  i n t e r p r e t a t i o n  o f  E v e r h a r t ' s  d a t a  on t h e  o s c i l l a t i n g  

c h a r g e  t r a n s f e r  p r o b a b i l i t y  a s  a f u n c t i o n  o f  c o l l i s i o n  v e l o c i t y  i n  t h e  

s m a l l - a n g l e  s c a t t e r i n g  o f  He' by H e .  

and t h e  e l e c t r o n i c  m o t i o n  i s  t r e a t e d  i n  t h e  s l o w l y  

T h i s  p i c t u r e  was a p p l i e d  
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I INTROWCTION 

The c a l c u l a t i o n s  w e  a r e  r e p o r t i n g  h e r e  o f  t h e  s c a t t e r i n g  o f  He' by 

H e  w e r e  p rovoked  by t h e  f a s c i n a t i n g  e x p e r i m e n t a l  d a t a  o f  t h e  p r e c e d i n g  

p a p e r  by L o r e n t s  and  A b e r t h  . J u s t  a s  t h e i r  work i s  i n t i m a t e l y  r e l a t e d  

t o  t h e  e x p e r i m e n t s  o f  E v e r h a r t  and h i s  a s s o c i a t e s '  on symmet r i c  c h a r g e -  

e x c h a n g e  s c a t t e r i n g ,  s o  t h e  t h e o r y  i s  r e l a t e d  t o  a n  e v e n  l o n g e r  h i s t o r y ,  

b e g i n n i n g  w i t h  t h e  c l a s s i c  work of M o t t 3  and  o f  Massey and S m i t h 4 .  

I n d e e d ,  t h e  b a s i c  t h e o r y  w e  s h a l l  n e e d  i s  a l r e a d y  p r e s e n t  i n  t h o s e  p a p e r s  

o f  more t h a n  t h i r t y  y e a r s  ago .  It  i s  a mark o f  t h e  n a t u r a l  f o r g e t f u l n e s s  

o f  p h y s i c i s t s ,  a m e l i o r a t e d  o n l y  by t h e  memory on o u r  l i b r a r y  s h e l v e s ,  t h a t  

t h e  r e m a r k a b l e  o s c i l l a t i o n s  f i r s t  s e e n  by E v e r h a r t  were  g r e e t e d  by many o f  

u s  a few y e a r s  a g o  w i t h  s t a r t l e d  s u r p r i s e  and even  i n c r e d u l i t y .  

1 

The s p e c i a l  f e a t u r e s  o f  c o l l i s i o n s  be tween  i d e n t i c a l  p a r t i c l e s  i n  

quantum m e c h a n i c s  were  f i r s t  i n v e s t i g a t e d  by Mot t  i n  c o n n e c t i o n  w i t h  t h e  
s c a t t e r i n g  o f  a p a r t i c l e s  by He n u c l e i .  

c o n s i d e r a t i o n s  t o  He'  - He s c a t t e r i n g  i n  t h e i r  s t u d y  o f  t h e  mot ion  of  

p o s i t i v e  i o n s  t h r o u g h  g a s e s ,  and  d e r i v e d  t h e  b a s i c  f o r m u l a s  w e  s h a l l  u s e .  

They u l t i m a t e l y  c a l c u l a t e d  a t o t a l  c r o s s  s e c t i o n ,  u s i n g  p o t e n t i a l s  f o r  

He; due  t o  P a u l i n g ' ,  b u t  t h e y  c o u l d  h a v e  computed d i f f e r e n t i a l  c r o s s  

s e c t i o n s  a s  w e l l .  T h e i r  e x p r e s s i o n  f o r  t h e  d i f f e r e n t i a l  s c a t t e r i n g  

a m p l i t u d e  c l e a r l y  d i s p l a y s  i t s e l f  a s  a sum o f  i n d e p e n d e n t  terms whose 

i n t e r f e r e n c e  would  c r e a t e  j u s t  t h e  s o r t  o f  o s c i l l a t i n g  p a t t e r n  E v e r h a r t  

found .  

Massey and S m i t h 4  a p p l i e d  s i m i l a r  

L i t t l e  t h e o r e t i c a l  work was done  on a t o m i c  d i f f e r e n t i a l  s c a t t e r i n g  

c r o s s  s e c t i o n s  be tween 1933  and 1959,  b u t  much was done  on t o t a l  c r o s s  

s e c t i o n s .  Among o t h e r  d e v e l o p m e n t s ,  t h e  i m p a c t  p a r a m e t e r  a p p r o x i m a t i o n  

became p o p u l a r  f o r  c o l l i s i o n s  a t  m o d e r a t e l y  h i g h  e n e r g i e s - i n  t h i s ,  t h e  

n u c l e i  a r e  c o n s i d e r e d  t o  move c l a s s i c a l l y  and u n d e f l e c t e d  a l o n g  t h e i r  

i n i t i a l  t r a j e c t o r y ,  

v a r y i n g  p o t e n t i a l  due  t o  t h e  moving n u c l e i .  

i m m e d i a t e l y  t o  t h e  i n t e r p r e t a t i o n  o f  E v e r h a r t ' s  d a t a  on t h e  o s c i l l a t i n g  

c h a r g e  t r a n s f e r  p r o b a b i l i t y  a s  a f u n c t i o n  o f  c o l l i s i o n  v e l o c i t y  i n  t h e  
s m a l l - a n g l e  s c a t t e r i n g  o f  He'  by He. 6 

and t h e  e l e c t r o n i c  m o t i o n  i s  t r e a t e d  i n  t h e  s l o w l y  

T h i s  p i c t u r e  was a p p l i e d  
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I n  s u c h  a c o l l i d i n g  s y s t e m  o n e  of' t h e  e l e c t r o n s  on t h e  i n i t i a l l y  

n e u t r a l  He s e e s  an e q u i v a l e n t  u n o c c u p i e d  o r b i t a l  ( w i t h  t h e  same s p i n )  o n  

t h e  a p p r o a c h i n g  He'. I n  t h e  s y m m e t r i c  p o t e n t i a l  d u e  t o  t h e  n u c l e i  and 

t!ie o t h e r  2 e i e c t r o n s ,  t h c  mob i l e  e l t - c i r o n  may b e  t h o u g h t  of  a s  o s c l i -  

l a t i n g  b a c k  and f o r t h  a c r o s s  t h e  p o t e n t i a l  w e l l  w h i l e  t h e  two n u c l e i  

a r e  c l o s e  t o g e t h e r ,  and t u n n e l l i n g  t h r o u g h  t h e  i n t e r v e n i n g  b a r r i e r  when 

t h e y  a r e  somewhat f u r t h e r  a p a r t ;  t h e  c h a r g e  t r a n s f e r  p r o b a b i l i t y  d e p e n d s  

on t h e  p h a s e  o f  t h e  o s c i l l a t i o n  i n  w h i c h  t h e  e l e c t r o n  i s  l e f t  when t h e  

n u c l e i  s e p a r a t e  s o  f a r  t h a t  f u r t h e r  t u n n e l l i n g i s n e g l i g i b l e .  T h i s  

p h y s i c a l  p i c t u r e  c o r r e s p o n d s  t o  a t i m e - d e p e n d e n t  wave f u n c t i o n  t h a t  c a n  

c o n v e n i e n t l y  be w r i t t e n  a s  a l i n e a r  c o m b i n a t i o n  o f  s y m m e t r i c  and a n t i -  

s y m m e t r i c  wave f u n c t i o n s  fo r  s t a t e s  o f  t h e  m o l e c u l a r  s y s t e m  He,. 
l o n g  a s  t h e  n u c l e i  a r e  n o t  moving t o o  f a s t ,  i t  seems r e a s o n a b l e  t o  hope  

t h a t  t h e  m o t i o n  c a n  be d e s c r i b e d  f a i r l y  w e l l  by u s i n g  j u s t  t h e  two s t a t e s ,  

o n e  g e r a d e  a n d  one  u n g e r a d e ,  t h a t  d i s s o c i a t e  s m o o t h l y  t o  t h e  g r o u n d  s t a t e  

i o n  and a tom.  A t  t h e  b e g i n n i n g  of t h e  c o l l i s i o n ,  when t h e  a tom and i o n  

a r e  f a r  a p a r t ,  t h e  r e l a t i v e  p h a s e  o f  t h e  g and u f u n c t i o n s  must  b e  c h o s e n  

so  t h a t  t h e  t h i r d  e l e c t r o n  i s  l o c a l i z e d  on t h e  p r o p e r  a tom;  t h e  r e l a t i v e  

p h a s e  a t  t h e  end o f  t h e  c o l l i s i o n  d e t e r m i n e s  t h e  p r o b a b i l i t y  o f  f i n d i n g  

t h e  e l e c t r o n  on t h e  same atom. A c c o r d i n g  t o  t h i s  model ,  t h e  c h a r g e  t r a n s -  

f e r  p r o b a b i l i t y  o s c i l l a t e s  between 0 and  1. 

t A s  

E v e r h a r t  and  h i s  a s s o c i a t e s Z b h a v e  m e a s u r e d  t h e  c h a r g e  t r a n s f e r  p r o b -  

a b i l i t y  o f  H e +  i n  H e  a t  e n e r g i e s  f rom a b o u t  400 e v  t o  2 x l o 5  e v  a n d  

a n g l e s  i rom 0 . 3 "  t o  5".  The o s c i l l a t i o n s  t h e y  o b s e r v e  a r e  i n  r e a s o n a b l e  

a g r e e m e n t  w i t h  t h e  t h e o r e t i c a l  c a l c u l a t i o n s  f o r  t h e  model j u s t  d e s c r i b e d ,  

e x c e p t  f o r  t h e  f a c t  t h a t  t h e  c h a r g e  t r a n s f e r  p r o b a b i l i t y  i s  "damped" s o  

t h a t  i t s  o s c i l l a t i o n s  d o  n o t  e x t e n d  a l l  t h e  way t o  0 or  1. 

For s u c h  a 2 - s t a t e  t h e o r y ,  i t  i s  c l e a r  t h a t  t h e  p r o p e r  g e r a d e  p o t e n -  

t i a l  t o  u s e  a t  s m a l l  R c a n n o t  be t h e  l o w e s t  o n e , 6  b u t  i s  t h e  one t h a t  

g o e s  s m o o t h l y  f r o m  t h e  l o w e s t  d i s s o c i a t i o n  l i m i t  o f  He' + He t o  t h e  

l s ( 2 p ) '  s t a t e  o f  Be' i n  t h e  u n i t e d  atom l i m i t 7 .  

i n  v iew o f  t h e  Landau-Zener  t h e o r y ,  t h a t  t h e  c u r v e  c r o s s i n g s  w i l l  be  

r e l a t i v e l y  i n e f f e c t i v e  i n  p r o d u c i n g  t r a n s i t i o n s  t o  o t h e r  s t a t e s  a s  l o n g  

a s  t h e  n u c l e a r  v e l o c i t y  i s  l a r g e  i n  t h e  n e i g h b o r h o o d  o f  t h e  c r o s s i n g  p o i n t  
of  t h e  p o t e n t i a l  c u r v e s .  However, t h e  p r o b a b i l i t y  o f  s u c h  t r a n s i t i o n s  i s  

n o t  z e r o ,  and  t h e s e  e v e n t s  a r e  c e r t a i n l y  r e s p o n s i b l e  f o r  some o f  t h e  

o b s e r v e d  "damping" o f  t h e  o s c i l l a t i o n s ,  a s  t h e y  a r e  i n  t h e  r e l a t e d  c a s e  

o f  H +  t H c o l l i s i o n s .  * 

I t  i s  t o  b e  e x p e c t e d ,  
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N h P n  L o r e n t s  and  A b e r t h ’ s  i on  s c a t t e r i n g  d a t a  began t o  a p p e a r ,  s h o w -  

i n g  t h e  same n o n - z e r o  minima i n  the  i n t e r f e r e n c e  p a t t e r n ,  o n e  o f  u s  began 

t o  e x a m i n e  t h e  t h e o r y  w i t h  t h e  i n i t i a l  a im o f  l o o k i n g  a t  t h e  e x c i t a t i o n  

p r o c e s s  a s  t h e  c a u s e  o f  t h e  damping. However,  i t  s o o n  became c l e a r  t h a t  

e v e n  a 2 - s t a t e  t h e o r y ,  when p r o p e r l y  f o r m u l a t e d ,  would show s u c h  damping 

a s  a r e s u l t  o f  t h e  i n t e r f e r e n c e  o f  2 s c a t t e r i n g  a m p l i t u d e s  t h a t  m i g h t  

h a v e  d i f f e r e n t  m a g n i t u d e s  a t  t h e  s c a t t e r i n g  a n g l e . 9  T h i s  o b s e r v a t i o n  

came e s s e n t i a l l y  s i m u l t a n e o u s l y  w i t h  t h e  e x p e r i m e n t a l  d e m o n s t r a t i o n  o f  

a p p a r e n t  damping e v e n  a t  e n e r g i e s  b e l o w  t h e  f i r s t  e x c i t a t i o n  p o t e n t i a l  

o f  H e .  I n d e p e n d e n t l y  a n d  a t  t h e  same t i m e ,  F .  J.  S m i t h ”  showed t h a t  t h e  

same e f f e c t  i s  i m p o r t a n t  i n  t h e  Ht + H c h a r g e  e x c h a n g e  a t  t h e  l o w e r  e n d  

o f  t h e  m e a s u r e d  e n e r g y  r a n g e .  The e f f e c t  i s  r e a l l y  n o t  new, t h e  r e l e v a n t  

e x p r e s s i o n s  b e i n g  p r e s e n t  i n  Massey and S m i t t ’ s  p a p e r 4 ,  a n d  t h e  same i d e a  

h a s  been  r e c o g n i z e d  i n  c o n n e c t i o n  w i t h  s p i n - e x c h a n g e  s c a t t e r i n g  and e l s e -  

w h e r e .  I n  t h e  e n e r g y  r a n g e  o f  i n t e r e s t  h e r e ,  t h e  s c a t t e r i n g  a m p l i t u d e s  

t h a t  i n t e r f e r e  c a n  b e  computed p u r e l y  c l a s s i c a l l y  p r o v i d e d  t h e y  a r e  e a c h  

g i v e n  a c l a s s i c a l  p h a s e  ( a  s t a n d a r d  a c t i o n  i n t e g r a l )  a s  w e l l  a s  t h e  u s u a l  

rn agn i t  u d e  . 

We h a v e  t h e r e f o r e  l i m i t e d  our a t t e n t i o n  f o r  t h e  p r e s e n t  t o  t h e  2 - s t a t e  

t h e o r y ,  which  w e  a p p l y  h e r e  t o  c a l c u l a t i o n s  t h a t  c a n  b e  compared w i t h  

L o r e n t s  a n d  A b e r t h ’ s  e x p e r i m e n t s .  We h a v e  u s e d  e x i s t i n g  p o t e n t i a l  e n e r g y  

c u r v e s ,  

P h i l l i p s o n E  and  L i c h t e n 7  f o r  t h e  g c u r v e .  

i o n - a t o m  s c a t t e r i n g ,  i g n o r i n g  t h e  symmetry i n  t h e  n u c l e i ,  and  f o u n d  v e r y  

s a t i s f a c t o r y  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t s  a t  low a n d  i n t e r m e d i a t e  a n g l e s .  

When t h e  n u c l e a r  symmetry was i n t r o d u c e d  i n  a d d i t i o n ,  an  a d d i t i o n a l  

o s c i l l a t i o n  a p p e a r e d  i n  t h e  l a r g e  a n g l e  r e g i o n  t h a t  c o u l d  i m m e d i a t e l y  b e  

i d e n t i f i e d  w i t h  t h e  s u b s i d i a r y  s t r u c t u r e  s e e n  i n  t h i s  r e g i o n  o f  t h e  

e x p e r i m e n t a l  c u r v e s .  

t h a t  o f  Reagan ,  Browne and M a t s e n u  f o r  t h e  u c u r v e  and t h a t  o f  

We f i r s t  c a l c u l a t e d  t h e  d i r e c t  
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I1 GENERAL THEORY 

A .  SEPARATION OF ELECTRONIC A N D  NUCLEAR MOTION 

I f  t h e  n u c l e a r  mot ion  i s  d e s c r i b e d  by t h e  r e l a t i v e  c o o r d i n a t e  v e c t o r  

R, and t h e  e l e c t r o n s  by t h e  c o o r d i n a t e s  r l  o r  s i m p l y  r = (rl,r2,r3), w e  

c a n  w r i t e  t h e  t o t a l  p o t e n t i a l  e n e r g y  a s  t h e  sum o f  an  e l e c t r o n i c  p a r t  and 

a p u r e l y  n u c l e a r  r e p u l s i o n  

4 e  L'(R,r)  = U"'(R;r) + -  
R '  (1) 

where  t h e  d i r e c t i o n  o f  R d o e s  no t  e n t e r  a s  l o n g  a s  t h e  v e c t o r s  r l  a r e  

measu red  i n  a r e l a t i v e  c o o r d i n a t e  s y s t e m  r o t a t i n g  w i t h  R. The t o t a l  wave 

f u n c t i o n  i s  expanded  i n  terms o f  m o l e c u l a r  e l e c t r o n i c  wave f u n c t i o n s  d e -  

p e n d i n g  on R a s  a p a r a m e t e r  1 3  

B e c a u s e  o f  t h e  c o m p l e t e  symmetry o f  t h e  p o t e n t i a l  (1) upon i n v e r s i o n  i n  

t h e  c e n t e r  o f  m a s s ,  t h e  f u n c t i o n s  f a l l  i n t o  two o r t h o g o n a l  f a m i l i e s  

l a b e l l e d  g and u ;  w e  s h a l l  u s e  on ly  o n e  o f  e a c h ,  s o  j w i l l  t a k e  o n l y  two 

v a l u e s ,  j = ( g , u ) .  By i n t e g r a t i n g  o v e r  t h e  e l e c t r o n i c  c o o r d i n a t e s ,  t h e  

e l e c t r o n i c  e n e r g y  i s  d e f i n e d  f o r  e a c h  o f  t h e s e  s t a t e s  a s  a f u n c t i o n  o f  R: 

J 

A s  R -+ a, E:' and E:' b o t h  approach  E ; ' ,  t h e  ( n e g a t i v e )  sum o f  t h e  b i n d i n g  

e n e r g i e s  o f  t h e  e l e c t r o n s  i n  t h e  g r o u n d  s t a t e  a tom and i o n .  

e a c h  E e l ( R )  w i t h  t h e  n u c l e a r  r e p u l s i v e  e n e r g y  and E:' we o b t a i n  t h e  

a d i a b a t i c  p o t e n t i a l s  fo r  t h e  n u c l e a r  m o t i o n  i n  t h e  g and u s t a t e s :  

By combin ing  

I n  t h e  l i m i t  a s  R --t a, t h e  s t a t e s  $Je '  and $:' a r e  l i n e a r  c o m b i n a t i o n s  o f  

t h e  s t a t e s  $I:', r e p r e s e n t i n g  t h e  i n i t i a l  i o n - a t o m  p a i r ,  and $ ; I ,  
g 
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representing the charge- transferred pair: 

at the beginning of the collision i+!~" and +, are in phase as in (5a), but 

there is no reason for them to be so at the end since the g and u phases 

de\elop differently during the collision. 

B .  CLASSICAL NUCLEAR hlOTION 

Later in this paper we shall discuss 
the framework o f  time-independent scatter 

approximately in the form 

+ ; ' ( R ; r , t )  = +;'(Re 

where, since R is varying slow 

the quantal nuclear motion 

ng theory, but here we fol 
in 

ow 
the earlier treatments of the He' - He problern6n7 in assuming classical 

nuclear motion and looking at the time-dependent theory of the electronic 

motion. The time-dependent electronic wave functions can then be written 

It is convenient to factor out the phase factor, common to the g and u 

functions, describing the evolution of the system when R is large, 

The wave functions after the collision is over then become 
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J- 03 

The f i n a l  p h a s e  d i f f e r e n c e  be tween t h e  g and u f u n c t i o n s  i s  t h e n  

The i n i t i a l  wave f u n c t i o n  $ A ( r )  e v o l v e s  i n t o  

The p r o b a b i l i t i e s  o f  e l a s t i c  s c a t t e r i n g  P A ,  and of c h a r g e  t r a n s f e r  P A ,  
a r e  t h e n  

1 1 
= - [l -k c o s  ( 7 ,  - T g ) l  , P A ,  = - [l - c o s  ( 7 7 ,  - 7Ql . 

P A  A 2 2 

( 1 2 )  

The p h a s e s  rj a r e  f u n c t i o n s  b o t h  o f  t h e  r e l a t i v e  k i n e t i c  e n e r g y  

and o f  t h e  r e l a t i v e  a n g u l a r  momentum L or  i m p a c t  p a r a m e t e r  6 ,  

L 2  = 2 @ b 2  . ( 1 4 )  

S i n c e  t h e  s c a t t e r i n g  a n g l e  8 is  d e t e r m i n e d  by L and E ,  t h e  p h a s e s  c a n  

a l s o  b e  t a k e n  a s  f u n c t i o n s  o f  E and 0 ,  T ~ ( E , ~ ) .  
by ( 9 )  o n e  n e e d s  t h e  f u n c t i o n a l  form R ( t )  o r  i t s  e q u i v a l e n t , t h e  r a d i a l  

v e l o c i t y  

To compute  t h e s e  f u n c t i o n s  
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and also the turning point 

f o r  the lower limit of integration. 

chosen with various degrees of  refinement: 
These quantities v and r o  can be 

Case (i) 

0 = 0 . (16b) 

This approximation seems justified at high enough energies and large 

enough angles (small enough L ) ,  where the electronic energies E " ' ( R )  near 
the turning point r o  are already close to the united-atom value E"'(0). 
This assumption is confirmed by the observationzb of a region 

( E  * 8 2 2 x lo4 deg-ev) where the charge transfer probability depends 
only on E and not on 0. 

1 

I 

Case (ii) 

This is the standard impact-parameter approximation, and is valid at 

energies and angles somewhat smaller than (i). 

Case (iii) 

where 
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e 

T h i s  a s s u m e s  t h a t  t h e  c l a s s i c a l  n u c l e a r  m o t i o n  o c c u r s  u n d e r  t h e  i n f l u e n c e  

o f  t h e  a v e r a g e  p o t e n t i a l  ( 1 8 ~ 1 ,  and h a s  b e e n  f r e q u e n t l y  employed .  I t s  
r a n g e  o f  v a l i d i t y  e x t e n d s  t o  s t i l l  s m a l l e r  e n e r g i e s  and  a n g l e s  t h a n  ( i )  
and (:: , L L , ,  \ ...- w L  s h a l l  show l a t e r  t h s t  t h e  n a r t i c u l a r  z v e r z g e  ( 1 8 ~ )  IC: . .  i i i c t i -  

J - - -  r 

f i e d  by t h e  more e x a c t  t h e o r y .  C l o s e l y  r e l a t e d  t o  c a s e  ( i i i )  i s  o n e  o f  

t h e  a p p r o x i m a t i o n s  u s e d  by B a t e s  and Boyd14, i n  which  V a v  i s  r e p l a c e d  by 

a p u r e  coulomb p o t e n t i a l  V , .  

llere w e  t a k e  n o t e  o f  t h e  f a c t  t h a t  t h e  n u c l e a r  t r a j e c t o r i e s  may b e  d i f f e r -  

e n t  i n  t h e  g and u s t a t e s ,  s o  t h a t  d i f f e r e n t  v e l o c i t i e s  and t u r n i n g  p o i n t s  

m u s t  b e  u s e d  i n  t h e  i n t e g r a l s  ( 9 )  f o r  q, and 7j . 
q, - 7, o b t a i n e d  i n  t h i s  way was used by B a t e s  and  Boyd14as  t h e  b a s i s  f o r  

an e x p a n s i o n  which  t h e y  a p p l i e d  t o  t h e  c a l c u l a t i o n  o f  t o t a l  c r o s s  s e c t i o n s .  

As w e  s h a l l  s ee ,  t h e  f i n a l  r e s u l t  f o r  t h e  t h e o r y  o f  d i f f e r e n t i a l  c r o s s  
s e c t i o n s  i s  somewhat a i f f e r e n t ,  but  ( 1 9 )  e m p h a s i z e s  t h e  e s s e n t i a l  p o i n t  

t h a t  a t  low e n e r g i e s  t h e  n u c l e a r  t r a j e c t o r i e s  i n  t h e  2 s t a t e s  a r e  d i f f e r e n t .  

The p h a s e  d i f f e r e n c e  
g 

The p h a s e s  7 ,  and 77 o b t a i n e d  f r o m  ( 9 )  by u s i n g  ( 1 6 )  t h r o u g h  ( 1 9 )  
g 

a r e  e x p r e s s e d  i n  terms o f  E and L .  n o t  d i r e c t l y  a s  f u n c t i o n s  o f  F and e .  
A r e l a t i o n  b e t w e e n  e and L f o l l o w s  f rom t h e  c l a s s i c a l  d y n a m i c s  o f  t h e  

c o l l i s i o n  p r o v i d e d  a n o n - z e r o  p o t e n t i a l  V ( r )  g o v e r n s  t h e  n u c l e a r  m o t i o n .  

T h i s  r e l a t i o n  h a s  u s u a l l y  been  o b t a i n e d  by u s i n g  t h e  a s s u m p t i o n s  o f  

C a s e  ( i i i ) .  When t h e  a n g l e  i n v o l v e d  i s  n o t  t o o  l a r g e ,  E v e r h a r t Z c  h a s  

made u s e  o f  a h i g h  e n e r g y  a p p r o x i m a t i o n  i n  which  t h e  p r o d u c t  E 8  h a s  

e s p e c i a l l y  s i m p l e  p r o p e r t i e s - t h i s  c a n  b e  shownE t o  r e p r e s e n t  t h e  f i r s t  

t e r m  i n  t h e  e x p a n s i o n  o f  8(E,L) i n  p o w e r s  o f  E - ' .  I f  C a s e  ( i v )  i s  

f o l l o w e d ,  o n e  f i n d s  t w o  d i f f e r e n t  s c a t t e r i n g  a n g l e s  0, (L) a s s o c i a t e d  w i t h  

a s i n g l e  v a l u e  o f  L ,  o r  two d i f f e r e n t  a n g u l a r  momenta L, ( 6 )  a s s o c i a t e d  

w i t h  t h e  same a n g l e .  T h a t  t h i s  c o n c l u s i o n  i s  c o r r e c t  w i l l  be  shown when 

w e  c o n s i d e r  t h e  q u a n t a l  n a t u r e  o f  t h e  n u c l e a r  m o t i o n  

~ _ _ _  
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C .  QUANTAL A N D  SEMICLASSICAL NUCLEAR MOTION 

1. F I T H O U T  N U C L E A R  S Y M M E T R Y  

I l l b i e d d  o f  a s suming  c l a s s i c a l  nUL:edl uiuLiu11, w e  L C L U ~ I I  L O  L ~ C  

q u a n t a l  r e p r e s e n t a t i o n  o f  Eq. ( 2 )  and  c o n s i d e r  t h e  n u c l e a r  p a r t  o f  t h e  

s c a t t e r i n g  r e p r e s e n t e d  by t h e  f u n c t i o n s  $f"'(R). A f t e r  t h e  Born-  

Oppenheimer  s e p a r a t i o n  of c o o r d i n a t e s ,  t h e s e  f u n c t i o n s  e a c h  s a t i s f y  a 

n u c l e a r  S c h r o d i n g e r  e q u a t i o n  w i t h  t h e  a p p r o p r i a t e  p o t e n t i a l  V ( A )  f rom 

Eq. ( 4 ) .  The r a d i a l  symmetry p e r m i t s  t h e  u s u a l  p a r t i a l  wave s e p a r a t i o n  

o f  t h e  q u ( R ) .  The c o m p l e t e  wave f u n c t i o n  f o r  t h e  s c a t t e r e d  wave a f t e r  

t h e  c o l l i s i o n  t h e n  h a s  t h e  form 

I 

J 

The d i f f e r e n t i a l  c r o s s  s e c t i o n s  f o r  d i r e c t  s c a t t e r i n g ,  c A A ,  

e x c h a n g e  s c a t t e r i n g ,  c A B ,  a r e  t h e n 4  

and f o r  c h a r g e  

" A A  

u~~ + u~~ 
P A A ( E , e )  = 

,%- 

T h e s e  p r o b a b i l i t i e s  c a n  a t t a i n  t h e  l i m i t s  1 and 0 o n l y  i f  I f , l  = I f , / .  
I n  E q s .  ( 2 0 )  and ( 2 1 )  t h e  e n t i r e  p h a s e  f a c t o r  ( b o t h  n u c l e a r  and 

e l e c t r o n i c )  i s  embodied i n  t h e  s c a t t e r i n g  a m p l i t u d e s  f j ( e , E ) ,  wh ich  a r e  

c o n s t r u c t e d  i n  t h e  u s u a l  way: 
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The p h a s e s  S f ( E )  and  S ' ; ( E )  c a n  be found  from t h e  a s y m p t o t i c  b e h a v i o r  o f  

t h e  a p p r o p r i a t e  n u c l e a r  r a d i a l  w a v e  f u n c t i o n s .  F o r  a c c u r a t e  e v a l u a t i o n ,  

t h e s e  f u n c t i o n s  s h o u l d  be o b t a i n e d  by s o l v i n g  t h e  r a d i a l  w a v e  e q u a t i o n s  

w i t h  t h e  p o t e n t i a l s  V g ( R ) ,  V u ( R ) .  A t  t h e  e n e r g i e s  o f  i n t e r e s t  h e r e ,  how- 

e v e r ,  a s e m i c l a s s i c a l  t r e a t m e n t  i s  a p p r o p r i a t e  , and the  c l a s s i c a l  

p h a s e s  A g ( L , E ) ,  A U ( L , E )  c a n  be  used  a l o n g  w i t h  t h e  c o r r e s p o n d e n c e  r e l a t i o n s :  

16,17 

The c l a s s i c a l  p h a s e  ''is an a c t i o n  i n t e g r a l  o v e r  t h e  e f f e c t i v e  c l a s s i c a l  

radi a 1 mot ion :  

The  s c a t t e r i n g  a m p l i t u d e s  f c a n  be e v a l u a t e d  by d i r e c t  n u m e r i c a l  
I 

summat ion  o f  t h e  p a r t i a l  wave s e r i e s  ( 2 3 )  u s i n g  t h e  c o r r e s p o n d e n c e  ( 2 4 )  
and t h e  c l a s s i c a l  a p p r o x i m a t i o n  ( 2 5 )  f o r  t h e  p h a s e s ;  t h i s  common p r o c e d u r e  

h a s  no s i m p l e  a p p e l l a t i o n ,  and we recommend c a l l i n g  i t  t h e  semiquanta2 

summat ion ,  b e c a u s e  t h e  Z's  a r e  t a k e n  q u a n t a l l y  e v e n  t h o u g h  c l a s s i c a l  p h a s e s  

a r e  u s e d .  P r o c e e d i n g  a s t e p  f u r t h e r ,  t h e  u s u a l  s e m i c l a s s i c a l  a r g u m e n t s  

a l l o w  u s  t o  a p p r o x i m a t e  f (6) by i t s  c l a s s i c a l  l i m i t  which  c a n  be d e r i v e d  

e n t i r e l y  f rom t h e  c l a s s i c a l  phase  f u n c t i o n  A J ( L , E ) :  
I 
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an 
aL 

O I ( E , L )  = - = A; , 0 = 101 , 

where  ( 2 6 e )  r e p r e s e n t s  t h e  i n v e r s e  o f  ( 2 6 d ) .  

I n  t h e  e n e r g y  r a n g e  o f  i n t e r e s t ,  a b o v e  1 5  eV, t h e  c l a s s i c a l  s c a t t e r -  

i n g  a m p l i t u d e s  f " *  a r e  v e r y  s a t i s f a c t o r y  a p p r o x i m a t i o n s  t o  t h e  t r u e  f ' s .  

When t h e s e  c l a s s i c a l  s c a t t e r i n g  a m p l i t u d e s  a r e  combined w e  g e t  t h e  r e -  

s u l t a n t  a m p l i t u d e s  f o r  d i r e c t  and c h a r g e  e x c h a n g e  s c a t t e r i n g ,  

I 1 

i n  t h e  s e m i c l a s s i c a l  a p p r o x i m a t i o n .  The  f i r s t  n o n c l a s s i c a l  r e s u l t  t o  a p -  

p e a r  i s  an  i n t e r f e r e n c e  b e t w e e n  two s c a t t e r i n g  a m p l i t u d e s  t h a t  may e a c h  

v a l i d l y  be computed s t r i c t l y  c l a s s i c a l l y .  I t  i s  s t r i k i n g  and s i g n i f i c a n t  

t h a t  t h e  classical s c a t t e r i n g  a m p l i t u d e s ,  combined i n  t h e  s i m p l e s t  way 

u s i n g  t h e  p r i n c i p l e  o f  s u p e r p o s i t i o n ,  s u f f i c e  t o  g i v e  an e x c e l l e n t  r e p r e -  

s e n t a t i o n  of  t h e  q u a n t a l  r e s u l t s .  

The s u c c e s s  o f  t h e  c l a s s i c a l  a m p l i t u d e s  f " ' ( 0 )  s u g g e s t s  a p h y s i c a l  
I 

p i c t u r e .  I f  two p a r t i c l e s  a r e  t h o u g h t  o f  a s  c o l l i d i n g  w i t h  a d e f i n i t e  

i m p a c t  p a r a m e t e r  b o r  a n g u l a r  momentum L .  The  i n c o m i n g  wave p a c k e t  c a n  

b e  a n a l y z e d  i n t o  t w o  coherent p a r t s ,  o n e  i n  t h e  g e r a d e  and  t h e  o t h e r  i n  

t h e  u n g e r a d e  e l e c t r o n i c  s t a t e .  Each o f  them f o l l o w s  e s s e n t i a l l y  t h e  

c l a s s i c a l  t r a j e c t o r y  c o r r e s p o n d i n g  t o  i t s  p o t e n t i a l  V o r  V u ,  and i s  u l t i -  

m a t e l y  s c a t t e r e d  p r e d o m i n a n t l y  t h r o u g h  i t s  own c l a s s i c a l  a n g l e  0 ( L )  o r  

B u ( L ) .  
o f  t h e  p a c k e t  w i l l  n o t  be o b s e r v e d ,  s i n c e  i t  i s  s c a t t e r e d  m a i n l y  t o  some 

o t h e r  a n g l e .  

s u c h  t h a t  Og(L') = 6 = 8 , ( L ) ,  and t h e  t r u e  s c a t t e r i n g  o b s e r v e d  a t  t h e  

g 

g 
I f  t h e  o b s e r v a t i o n  i s  made a t  t h e  a n g l e  8 = 0 , ( L ) ,  t h e  g e r a d e  p a r t  

However,  t h e r e  i s  s o m e  d i f f e r e n t  a n g u l a r  momentum, L '  = L g ( 8 ) ,  
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a 

a n g l e  0 i s  t h e  i n t e r f e r e n c e  between two c o h e r e n t  p a r t s  o f  a p l a n e  wave,  

t h e  g p a r t  w i t h  a n g u l a r  momentum L and t h e  u p a r t  w i t h  a n g u l a r  momentumf,‘ .  

\\e m u s t ,  i n  f a c t ,  r e l i n q u i s h  a l o c a l i z e d  w a v e - p a c k e t  p i c t u r e  o f  t h e  s c a t -  

i e r i n g  b e c a u s e  w e  do  n o t  a c t u a l l y  o b s e r v e  the  i m p a c t  p a r a m e t e r .  I n s t e a d ,  

w e  know t h e  d i r e c t i o n  o f  m o t i o n  o f  t h e  i n i t i a l  and o f  t h e  o b s e r v e d  s c a t -  

t e r e d  beam, and  t h e r e f o r e  t h e  a n g l e  o f  s c a t t e r i n g  8. I f  w e  c o u l d  m e a s u r e  

t h e  i m p a c t  p a r a m e t e r ,  w e  would know l e s s  a b o u t  t h e  d i r e c t i o n a l  c h a r a c t e r  

o f  t h e  m o t i o n ,  and  t h e  o b s e r v a t i o n s  would b e  d i f f e r e n t .  I n d e e d ,  t h e  c o -  

h e r e n t  i n t e r f e r e n c e  b e t w e e n  two w i d e l y  s e p a r a t e d  r e g i o n s  o f  L i s  v e r y  

s i m i l a r  t o  t h e  i n t e r f e r e n c e  be tween two p a r t s  o f  a n  o p t i c a l  wave f r o n t  

( o r  an  e l e c t r o n  beam) p a s s i n g  t h r o u g h  a s p a t i a l l y  s e p a r a t e d  p a i r  o f  s l i t s .  

I t  i s  s t r i k i n g  t h a t  t h e  p u r e l y  wave p i c t u r e  o f  t h e  s c a t t e r i n g  which  

we a r e  o b l i g e d  t o  u s e  i s  e n t i r e l y  c o m p a t i b l e  w i t h  a s t r i c t l y  c l a s s i c a l  

a p p r o x i m a t i o n  f o r  t h e  two s c a t t e r i n g  a m p l i t u d e s  t h a t  a r e  i n t e r f e r i n g .  I n  

f a c t ,  a c l a s s i c a l  quantity ( s u c h  a s  a n  a c t i o n  i n t e g r a l )  may b e  a n  e x c e l l e n t  

a p p r o x i m a t i o n  t o  t h e  c o r r e s p o n d i n g  q u a n t a l  o n e  ( s u c h  a s  t h e  p h a s e  o f  a w a v e  

f u n c t i o n  o r  o f  a s c a t t e r i n g  a m p l i t u d e )  e v e n  when a c l a s s i c a l  m o d e l  ( s u c h  

a s  a p o i n t  p a r t i c l e  t r a j e c t o r y )  m u s t  b e  r e l i n q u i s h e d  i n  f a v o r  o f  a c o m p l e -  

m e n t a r y  n o n c l a s s i c a l  o n e  ( s u c h  a s  a wave p i c t u r e ) .  

One r e a s o n  f o r  t h e  “ d a m p i n g ”  i n  t h e  c h a r g e  t r a n s f e r  p r o b a b i l i t y  i s  

now c l e a r .  

f e r e n t  i n  m a g n i t u d e ,  b e c a u s e  o f  d i f f e r e n c e s  i n  b o t h  o f  t h e  f a c t o r s  i n  

a , ( E , B ) :  
p o i n t s ) .  

The two a m p l i t u d e s  f y ( E , 6 )  and  fg(E,6) w i l l  g e n e r a l l y  b e  d i f -  

Lg(8) # LU(6) and aL /a@ # aLU/aO ( e x c e p t  by a c c i d e n t  a t  i s o l a t e d  
g 

The c r o s s  s e c t i o n s  o f  E q . ( 2 1 )  w i l l  i n c l u d e  an  o s c i l l a t i n g  p a r t  c o n -  

t a i n i n g  t h e  f a c t o r  

I t  i s  n o t  h a r d  t o  see t h a t  t h e  p h a s e  d i f f e r e n c e  T~ - T ,  o f  Eq.  ( 1 2 )  a s  

computed  u s i n g  t h e  f o r m u l a s  (16 )  t o  ( 1 9 )  r e p r e s e n t s  a s e t  o f  v a r y i n g  a p -  

p r o x i m a t i o n s  t o  t h e  co r rec t  p h a s e  d i f f e r e n c e  7, - 7, .  
i s  n o t  h a r d  t o  compute  d i r e c t l y ,  t h e  p r e v i o u s  a p p r o x i m a t i o n s  w i l l  n o t  b e  

u s e d  i n  t h i s  work. However,  t h e  r e l a t i o n  b e t w e e n  t h e  e x a c t  e x p r e s s i o n  

and  t h e  a p p r o x i m a t i o n s  w i l l  be  g i v e n  i n  t h e  n e x t  s e c t i o n .  

S i n c e  t h e  l a t t e r  

A n o t e  on t e r m i n o l o g y  i s  i n  o r d e r :  w e  a d v o c a t e  u s i n g  t h e  term 

“ c l a s s i c a l  s c a t t e r i n g  a m p l i t u d e ”  f o r  t h e  q u a n t i t y  c a l c u l a t e d  a s  i n  

Eqs.  ( 2 6 )  f rom a c l a s s i c a l  p h a s e  n ( E , L ) .  The t e r m “ s e m i c l a s s i c a 1 ”  c a n  
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b e  a p p l i e d  t o  any n o n c l a s s i c a l  a m p l i t u d e  t h a t  i s  computed  from t h e  

c l a s s i c a l  p h a s e  by r e p l a c i n g  t h e  sum o v e r  1 by a n  i n t e g r a l  o v e r  L and 

u s i n g  a m o d i f i c a t i o n  o f  t h e  method of  s t a t i o n a r y  p h a s e .  

c l u d e  IS “ s e m i c l a s s i c a l ”  the  r 2 i n b o w  and  g l o r y  a p p r z x i m a t i o n s  o f  Fc rd  2nd 

\ :hee le r ,  and  t h e  i n t e r f e r e n c e  of two o r  more c l a s s i c a l  a m p l i t u d e s  s u c h  

a s  f ,  and  f,. 
t h e  e x a c t  p a r t i a l  wave summation o v e r  I ,  b u t  u s i n g  c l a s s i c a l  o r  s e m i c l a s s i c a l  

p h a s e s  t o  a p p r o x i m a t e  t h e  q u a n t a l  Z l .  

T h i s  would i n -  

F i n a l l y ,  a “ s e m i q u a n t a l  a m p l i t u d e ”  i s  o n e  e v a l u a t e d  by u s i n g  

2. CONNECTION BETWEEN SEMICLASSICAL A N D  
CLASSICAL TREATMENTS 

The c o n n e c t i o n  be tween t h e  s e m i c l a s s i c a l  2 - s t a t e  t r e a t m e n t  a n d  t h e  

c l a s s i c a l  r e s u l t s  o f  Eqs.  ( 1 6 )  t o  ( 1 9 )  w i l l  h e  e s t a b l i s h e d  i f  w e  f i n d  

o u t  how t h e  s c a t t e r i n g  p a r a m e t e r s  ( e s p e c i a l l y  t h e  p h a s e s )  c h a n g e  u n d e r  

a v a r i a t i o n  i n  t h e  p o t e n t i a l .  I n  o r d e r  t o  l o o k  i n t o  t h i s ,  i t  i s  c o n -  

v e n i e n t  t o  e x p r e s s  t h e  q u a n t i t i e s  o f  Eqs.  ( 2 5 )  and  ( 2 6 )  w i t h  t h e  h e l p  

o f  a r e d u c e d  d i s t a n c e  p r e l a t e d  t o  t h e  t u r n i n g  p o i n t  R and o f  a r e d u c e d  

p o t e n t i a l  U :  

The a n g u l a r  momentum L is  r e l a t e d  t o  R by 

L 2  = 2$R2[1 - U ( R ) I  . ( 3 0 )  

The  € u n c t i o n s  whose v a r i a t i o n s  we a r e  i n t e r e s t e d  i n  c a n  be w r i t t e n  a s  

A = A - L O + h h a  

( w h e r e  &ha i s  a c o n s t a n t ) ,  and  
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'1 

These are all functionals of the potential and functions of R - and, 
by Eq.  (301, so is L .  

Consider any functional F ( U ; R )  depending on the parameter R and the 
function U(Rp). Under arbitrary small variations of  R with the potential 
U unvaried the variation of F is (SF), = (aF/aR),aR, while the variation 
of F under a small change a U ( R p )  in U but with fixed R can be written 
( S F ) , .  The total variation in F is  then, to first order, 

DF = ( 6 F ) ,  t (aF/aR),GR . (32) 

This relation can be applied to all of the functionals L ,  0, 8, r, and 
A .  When applied to A and A, some simplification arises from the identity 

s o  that 

DA t LD@ = DA - @DL (6A), - 0(6L), . (34) 

Thus the variation of A at fixed 0 is identical with the variation o f  A 
at fixed L ;  evaluating the right hand side of  ( 3 4 )  by varying u in ( 3 0 )  

and ( 3 1 )  we find 

We can now specialize the potentials, writing 

1 1 
2 g  K 2 

611 = - ( U g  - u ) = -6U . u = - ( U  t U U ) ,  ( 3 6 )  
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U i s  t h e n  t h e  a v e r a g e  p o t e n t i a ) ,  and 28U i s  t h e  d i f f e r e n c e  p o t e n t i a l .  

To f i r s t  o r d e r  i n  t h e  p o t e n t i a l  d i f f e r e n c e ,  t h e n  
g 

1 (37 )  

T h i s  i s  e x a c t l y  t h e  r e s u l t  o f  t h e  c l a s s i c a l  a p p r o x i m a t i o n  e m p l o y i n g  t h e  

a v e r a g e  p o t e n t i a l  t o  d e s c r i b e  t h e  n u c l e a r  m o t i o n ,  Eqs .  ( 1 8 ) .  T h a t  r e s u l t  

i s  t h u s  c o r r e c t  t o  f i r s t  o r d e r  i n  t h e  p o t e n t i a l  d i f f e r e n c e .  The  r e m a i n i n g  

e r r o r  i n  t h e  p h a s e  d i f f e r e n c e  i s  s e c o n d  o r d e , r  i n  t h e  d i m e n s i o n l e s s  f u n c t i o n  

[ V  ( r )  - V , ( r ) ] / E ,  which  u s u a l l y  a t t a i n s  i t s  maximum v a l u e  a t  r = 0.  
t h e  c a s e  o f  He+ + H e ,  t h i s  s u g g e s t s  t h a t  phas.? d i f f e r e n c e s  computed  by 

Eq. ( 3 7 )  s h o u l d  become r e l i a b l e  a t  e n e r g i e s  a b o v e  a b o u t  1 kev .  A t  l ower  

e n e r g i e s  we may e x p e c t  d e v i a t i o n s  f rom Eq. ( 3 7 1 ,  i n c l u d i n g  d e v i a t i o n s  f rom 

i t s  l e f t  hand  e q u a l i t y  wh ich  i s  o n l y  t r u e  t o  f i r s t  o r d e r .  I n  t h e  low 

e n e r g y  l i m i t ,  t h e n ,  t h e  p h a s e  d i f f e r e n c e  o f  A ’ s  a t  f i x e d  L ,  which  e n t e r s  

i n t o  t h e  t o t a l  c r o s s  s e c t i o n , 1 4  may d i f f e r  f rom t h e  p h a s e  d i f f e r e n c e  o f  

A ’ s  a t  f i x e d  8 ,  which  c o n t r o l s  t h e  i n t e r f e r e n c e  p a t t e r n  i n  t h e  d i f f e r e n -  

t i a l  c r o s s  s e c t i o n .  

I n  
g 

Anothe r  i m p o r t a n t  q u a n t i t y  t h a t  c o u l d  b e  examined  a s  a n  e x p a n s i o n  

i n  6U i s  t h e  c l a s s i c a l  c r o s s  s e c t i o n  u. The l e a d i n g  term is  o f  z e r o  

o r d e r  i n  611 and  d e t e r m i n e s  t h e  g e n e r a l  t r e n d ,  t h e  u p p e r  e n v e l o p e  o f  t h e  

c r o s s  s e c t i o n  c u r v e .  The n o n - z e r o  l o w e r  e n v e l o p e  ( t h e  “ d a m p i n g ”  o f  t h e  

o s c i l l a t i o n s )  a p p e a r s  f i r s t  w i t h  t h e  f i r s t  o r d e r  v a r i a t i o n ,  t h a t  i s ,  

t h e  t e r m  

We h a v e  n o t  e v a l u a t e d  t h i s ,  a s  i t  seemed b e t t e r  t o  compute  u 

d i r e c t l y .  However,  i t  i s  i n t e r e s t i n g  t o  see how 6a e n t e r s  i n t o  t h e  

u p p e r  and l o w e r  e n v e l o p e s  u+ and  a-: 

and  a, 
g 
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3.  N U C L E A R  S Y M M E T R Y  

The expressions just given are appropriate for ion-atom scattering in 
which the electrons find themselves in a symmetric potential butwhere nuclear 

symmetry is ignored. The theory in that form is applicable to scattering 

of  different isotopes of the same element. When identical atoms are in- 

volved an additional symmetry enters the problem. Because of the indis- 

tinguishability of the atoms, it is  impossible to distinguish between 

direct scattering at 0 and charge exchange scattering at T - 8; since these 
events are coherent, there is interference between them. This interference 

appears in the wave function o r  the scattering amplitude. When the nuclei 

are bosons the total wave function must be even under a nuclear interchange, 

when they are fermions it must be odd. For 4He, this means that the gerade 
electronic state is associated with a nuclear function that is symmetric on 
reflection about ~ / 2 ,  and the ungerade state has an antisymmetric nuclear 

wave function. The symmetrization is then accomplished by the substitutions4 

In place of Eq.  ( 2 7 ) ,  the scattering amplitudes f o r  observing the ion, f A A ,  

and the neutral, f A B ,  are: 

A simple alternative derivation can be-given of the same result. 

Consider a plane wave representing the collimated approach of A+ to A ,  

17 
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where t h e  n u c l e i  a r e  b o s o n s .  

n u c l e a r  symmetry  i s  c o n s i d e r e d ,  a l l  t h e  p a r t i a l  waves w i t h  1 e v e n  mus t  b e  

a s s o c i a t e d  w i t h  t h e  g e l e c t r o n i c  s t a t e ,  and t h e  1-odd waves w i t h  t h e  u 

s t a t e . G  

I f  $ A  i s  a n a l y z e d  i n  p a r t i a l  waves  and  t h e  

The s c a t t e r i n g  a m p l i t u d e  i s  t h e n  

w h e r e  

1 even 

To r e d u c e  t h e s e  t o  t h e  c l a s s i c a l  a p p r o x i m a t i o n  w e  mus t  c o n v e r t  t h e  sum t o  

a n  i n t e g r a l ,  a l l o w i n g  2 t o  t a k e  c o n t i n u o u s  v a l u e s .  However ,  w e  mus t  p r e -  

s e r v e  symmetry i n  d o i n g  s o ,  which  w e  c a n  do by u s i n g  t h e  i d e n t i t y  

We t h e n  c a n  w r i t e  
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and s i m i l a r l y  

S u b s t i t u t i n g  i n  ( 4 1 )  w e  g e t  j u s t  t h e  r e s u l t  o f  ( 4 0 ) .  

L e t  u s  w r i t e  t h e  c l a s s i c a l  s c a t t e r i n g  a m p l i t u d e s  i n  ( 4 0 )  i n  t h e  form 

The o s c i l l a t i n g  p a r t  o f  t h e  c r o s s  s e c t i o n  d e p e n d s  on t h e  s i x  d i f f e r e n c e  

f r e q u e n c i e s  p i  - pi, of  which 3 a r e  i n d e p e n d e n t ;  l e t  u s  t a k e  t h e s e  t o  b e  

W i t h  t h e s e ,  i t  i s  n a t u r a l  t o  e x p r e s s  t h e  c o m p l e t e  c r o s s  s e c t i o n  a t  s m a l l  

a n g l e s  0 a s  a sum o f  a d i r e c t  s c a t t e r i n g  c r o s s  s e c t i o n  ad(E,e), an  e x -  

c h a n g e  c r o s s  s e c t i o n  ue(E,6), and a n  i n t e r f e r e n c e  term Sde(E,6): 

D~ A = ud(E,e) ' u e ( E ? e )  ' S d ! E J e )  , ( 4 7 )  

ad(E,8) = B :  f B i  + 2B,B,  c o s  2 ~ , ,  

ae(E,e) = B i  f Bf f 2B3B4 c o s  2~~~ 

, 

( 4 8 )  
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+ ( B  1 -t B2)(B3 - B , )  c o s  s i n  s i n  q , 2 3 6  

- ( B ,  - B2)(B3 i- B4) s i n  e 1 2  c o s  s i n  T~~~~ 

i- ( B ,  - R2)(R3 - B,) s i n  e 1 2  s i n  C O S  7 7 1 2 3 4  . ( 4 9 )  

A t  s m a l l  and m o d e r a t e  a n g l e s  8 we may e x p e c t  t h e  e x c h a n g e  c r o s s  s e c t i o n  

ue and 

t h e  i n t e r f e r e n c e  term S d e  t o  be i n t e r m e d i a t e  i n  m a g n i t u d e .  F u r t h e r m o r e ,  

w e  may hope  t o  f i n d  t h e  m a g n i t u d e s  o f  t h e  B ' s  s u c h  t h a t  S d e  i s  d o m i n a t e d  

by i t s  f i r s t  term. 

t o  be n e g l i g i b l e  by compar i son  w i t h  t h e  d i r e c t  c r o s s  s e c t i o n  ud ,  

"hen @ i s  c l o s e  t o  ~ / 2 ,  t h e  symmetry r e l a t i o n s  ( 4 5 )  s u g g e s t  combin ing  

t h e  terms i n  uAA i n  a d i f f e r e n t  way, w r i t i n g  

t o g e t h e r  w i t h  an  i n t e r f e r e n c e  term Sug(E,8). 
b e s t  d e s c r i b e d  i n  t e r m s  o f  t h e  p h a s e s  e 1 3 ,  
a n  e q u a t i o n  such  a s  ( 4 9 )  c a n  b e  r e w r i t t e n  t o  g i v e  Sug by p e r m u t i n g  t h e  

i n d i c e s  i n  t h e  manner ( 1 2 3 4 )  -t ( 1 3 2 4 ) .  C l o s e  t o  7/2, cg d o m i n a t e s  and 

The o s c i l l a t i o n s  a r e  t h e n  

 and T , ~ ~ ~  = € 1 2  i- €34' and 

mu - 0. 

A f e a t u r e  o f  t h e  e x p e r i m e n t a l  d a t a  t h a t  i s  r e a d i l y  examined  i s  t h e  

movement o f  t h e  i n t e r f e r e n c e  maxima and  minima w i t h  e n e r g y  and a n g l e .  To 

p r e d i c t  t h i s  movement,  

a g e n e r a l  fo rm,  u s i n g  A i  as d e f i n e d  i n  Eq. ( 2 6 b ) ,  

l e t  u s  c o n s i d e r  c o m b i n a t i o n s  o f  t h e  p h a s e s  A I  i n  

o f  which Eq. ( 4 6 )  g i v e s  some s p e c i f i c  e x a m p l e s .  We may t h e n  examine  t h e  
l o c i  o f  c o n s t a n t  Cp i n  t h e  ( E , 0 )  p l a n e .  The  s l o p e s  o f  t h e s e  l o c i  a r e  g i v e n  

by ( a E / % ) + ,  t o  g e t  which w e  u s e  
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and 

where  b i  i s  d e f i n e d  by 

When 4 = e l 2  o r  T ~ ~ ~ ~ ,  
E q s .  ( 4 7 )  t o  ( 4 9 )  w i l l  p r o v i d e  i n f o r m a t i o n  on t h e  movement o f  t h e  maxima 

and  minima i n  q u e s t i o n .  

a knowledge o f  t h e  l o c i  o f  c o n s t a n t  4 combined w i t h  

D. COUPLING OF STATES 

We have  employed a n  e x c l u s i v e l y  2 - s t a t e  f o r m u l a t i o n  i n  t h e s e  c a l c u -  

l a t i o n s ,  and f u r t h e r m o r e  w e  have  assumed t h a t  t h e  symmetry o f  t h e  p o t e n t i a l  

e x c l u d e s  any m i x i n g  o f  t h e  g and  u s t a t e s .  The symmetry o f  t h e  p o t e n t i a l  

d o e s  i n d e e d  p r o v i d e  a v e r y  s t r o n g  s e p a r a t i o n  o f  g and u s t a t e s ,  a s  l o n g  a s  

t h e  n u c l e i  a r e  i d e n t i c a l ;  when t h e  n u c l e i  d i f f e r  i n  mass ,  some c o u p l i n g  

be tween  g and u a r i s e s  f rom terms i n  t h e  k i n e t i c  e n e r g y  d e s c r i b i n g  t h e  f a c t  

t h a t  t h e  c e n t e r  o f  mass  i s  no l o n g e r  a t  t h e  c e n t e r  o f  c h a r g e .  A t  low 

n u c l e a r  v e l o c i t i e s  t h i s  c o u p l i n g  w i l l  b e  s m a l l .  

More s e r i o u s ,  and more common, a r e  c o u p l i n g s  w i t h  e x c i t e d  s t a t e s  o f  

t h e  same symmetry.  T h e s e  i n t r o d u c e  c o u p l i n g  t e r m s  i n  t h e  S c h r o d i n g e r  

e q u a t i o n  f o r  t h e  n u c l e a r  m o t i o n .  I n s t e a d  o f  s i m p l e  p h a s e  s h i f t s ,  t h e  

s o l u t i o n  i s  t h e n  d e s c r i b e d ’  by a s c a t t e r i n g  m a t r i x  s t h a t  s e p a r a t e s  i n t o  

two p a r t s ,  su and sg.  
be tween  s t a t e s  a r e  e l e c t r o n i c  m a t r i x  e l e m e n t s  d e p e n d i n g  on t h e  i n t e r -  

n u c l e a r  d i s t a n c e  R ,  and t h e y  c a n  r e p r e s e n t  v a r i o u s  t y p e s  o f  i n t e r a c t i o n .  

The c o u p l i n g  terms r e s p o n s i b l e  f o r  t h e  t r a n s i t i o n s  
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B e s i d e s  a s i m p l e  c l a s s i f i c a t i o n  b a s e d  on t h e  m a g n i t u d e  o f  t h e  i n t e r a c t i o n ,  

w e  c a n  c l a s s i f y  t h e m  a s  t o  t h e i r  d e p e n d e n c e  on t h e  n u c l e a r  m o t i o n .  Many 

o f  t h e  e l e c t r o n i c  s t a t e s  i n t e r a c t  w i t h  e a c h  o t h e r  t o  a g r e a t e r  o r  l e s s e r  

e x ~ e n t  eve11 i f  i h e  n u c l e i  a r e  c u r i s i d e i e d  f i x e d .  In d d d i L i u i i ,  d ~ u u y l i i t g  

b e t w e e n  t h e  e l e c t r o n i c  and n u c l e a r  m o t i o n  may p e r m i t  a t r a n s i t i o n  t h a t  

would o t h e r w i s e  b e  f o r b i d d e n ,  o r  may c h a n g e  t h e  m a g n i t u d e  o f  a weak i n t e r -  

a c t i o n .  

e l e c t r o n i c  a n g u l a r  momenta t h a t  b r e a k s  a symmetry o f  t h e  e l e c t r o n i c  s t a t e  

i n  a f i x e d  n u c l e a r  f r a m e ,  

Such c a s e s  u s u a l l y  i n v o l v e  a c o u p l i n g  be tween t h e  n u c l e a r  and  

20 

C o u p l i n g  b e t w e e n  s t a t e s  i s  most i m p o r t a n t  where  t h e y  a p p r o a c h  i n  

energy-or  w h e r e  t h e y  c r o s s  i n  some p r i m i t i v e  a p p r o x i m a t i o n .  The  e f f e c t  

o f  t h e  i n t e r a c t i o n  i n  c o l l i s i o n s  o f t e n  d e p e n d s  l a r g e l y  o n  t h e  Landau-Zener  

p a r a m e t e r  

w h e r e  t h e  e l e c t r o n i c  m a t r i x  e l e m e n t s  Pel a r e  c o n s t r u c t e d  by a n a l o g y  w i t h  

Eq. ( 3 1 ,  and u R  i s  an  a v e r a g e  n u c l e a r  r a d i a l  v e l o c i t y  n e a r  t h e  c r o s s i n g  

p o i n t  R x .  I f  t h e  n u c l e i  a r e  moving f a s t  and  w ( R )  i s  s m a l l  a n d  c l o s e  t o  

t h e  c o n s t a n t  w = w ( R X ) ,  t h e  Landau-Zener  r e s u l t  i s  o b t a i n e d .  

t h e  p r o b a b i l i t y  o f  t r a n s i t i o n  i s  s m a l l  and  e q u a l  t o  ( 1  - e - u ) .  The p r o b -  

a b i l i t y  of  t r a n s i t i o n  i s  l a r g e  when t h e  n u c l e a r  v e l o c i t y  n e a r  R x  i s  s m a l l ,  

i . e . ,  when t h e  i n i t i a l  n u c l e a r  k i n e t i c  e n e r g y  E i s  c l o s e  t o  t h e  e n e r g y  

E x  + L2/2p.R,2 o f  t h e  c r o s s i n g  p o i n t .  

t h e n  i n a p p l i c a b l e ,  

f o r t u n a t e l y  o t h e r  t r e a t m e n t s  s u i t a b l e  f o r  t h e s e  c o n d i t i o n s  a r e  now b e i n g  

i n v e s t i g a t e d . 2 1  Q u a l i t a t i v e l y  i t  i s  c l e a r  t h a t  f o r  e a c h  t r a n s i t i o n  i-1 

t h e r e  w i l l  b e  a c h a r a c t e r i s t i c  r a n g e  f o r  t h e  q u a n t i t y  

' I  

I n  t h a t  c a s e  

The s i m p l e  L a n d a u - Z e n e r  f o r m u l a  i s  

and w e  no l o n g e r  h a v e  e v e n  a s i n g l e  n u c l e a r  v e l o c i t y u R ;  

E = E - E x  i j  - L 2 / 2 p ( R x , i j  l 2  ( 5 4 )  

i n  w h i c h  t r a n s i t i o n s  w i l l  h a v e  a h i g h  p r o b a b i l i t y ;  t h i s  r a n g e  w i l l  d e p e n d  

among o t h e r  t h i n g s  on t h e  m a g n i t u d e  o f  He!(Rx).  

Eq. ( 5 4 )  w e  g e t  a r e l a t i o n  be tween E and L s u c h  t h a t  t h e  c l a s s i c a l  t u r n i n g  

p o i n t  c o i n c i d e s  w i t h  t h e  c r o s s i n g  p o i n t  R z ;  

p r o b a b i l i t y  l i e s  i n  a band  a b o u t  t h i s  l o c u s  i n  t h e  ( E , L )  p l a n e .  S i n c e  

e a c h  ( E , L )  p a i r  i s  a s s o c i a t e d  p r i m a r i l y  w i t h  a n  a n g l e  @ , ( E , L )  i n  t h e  

i n c o m i n g  s t a t e ,  t h e  e f f e c t  o f  t h e  i n e l a s t i c  t r a n s i t i o n  i s  t o  remove some 

By s e t t i n g  E = 0 i n  
' J  

t h e  domain o f  h i g h  t r a n s i t i o n  
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t 

of  t h e  e l a s t i c  f l u x  from t h e  a n g l e  8 = lei(E,L)I and d e p o s i t  i t  a t  a d i f -  

f e r e n t  e n e r g y ,  E '  = E - E: + E" 
I 
I and some new a n g l e  8. ( E , . ! , ) .  

I '  ' I  

C u r v e  c r o s s i n g s  lllay )le e x p e c t e d  to h a v e  a f z r t h e r  e f f e c t  C?T? t h e  p l l r e l y  

e l a s t i c  s c a t t e r i n g  b e c a u s e  t h e  i n t e r a c t i o n  may e v e n  a l t e r  t h e  e l a s t i c  p h a s e  

A c ( E , L )  when E i s  s m a l l .  

i s  o f  s u c h  a n a t u r e  t h a t  t h e  t r a n s i t i o n  i s  t o  a bound s t a t e  i n  an  a t t r a c t i v e  

wel l -a  s e c o n d  c r o s s i n g  w i l l  l e a v e  t h e  s y s t e m  back  i n  t h e  i n i t i a l  s t a t e  on 

an  o u t g o i n g  c o u r s e ,  b u t  w i t h  a phase  s t r i k i n g l y  d i f f e r e n t  f rom t h e  p h a s e  

a s s o c i a t e d  w i t h  s i m p l e  e l a s t i c  s c a t t e r i n g  f rom t h e  p u r e  i n c o m i n g  p o t e n t i a l .  

A s  a r e s u l t  w e  must  e x p e c t  some o f  t h e  e l a s t i c  f l u x  t o  b e  s h i f t e d  from i t s  

u n p e r t u r b e d  p o s i t i o n  IeI(E,L) 1 ,  bu t  t o  a p p e a r  eZasticaZZy a t  o t h e r  a n g l e s  

w h e r e  i t  w i l l  i n t e r f e r e  c o h e r e n t l y  w i t h  t h e  s i m p l e  s c a t t e r i n g .  

T h i s  s h o u l d  happen  e s p e c i a l l y  when t h e  c r o s s i n g  

I n  t h e  c a s e  o f  i n t e r e s t  h e r e ,  t h e  c o l l i s i o n  o f  g round  s t a t e  He and He+, 

t h e  p r o m i n e n t  c u r v e  c r o s s i n g s  w i t h  i n t e r a c t i o n  i n v o l v e  g p o t e n t i a l s  o n l y .  

T h e i r  e f f e c t  on t h e  f i n a l  s c a t t e r i n g  a p p e a r s  t h e r e f o r e  t h r o u g h  f ( 0 ) .  We 

h a v e  n o t  a t t e m p t e d  t o  c a l c u l a t e  t h o s e  e f f e c t s  h e r e ,  b u t  i t  i s  c l e a r  t h a t  

t h e y  w i l l  make an  i m p o r t a n t  c o n t r i b u t i o n  t o  t h e  damping o f  t h e  o s c i l l a t i o n s  

a s  o b s e r v e d ,  j u s t  a s  t h e y  do  i n  t h e  c a s e  o f  H +  + H . '  

6 

The m a j o r  q u a l i t a t i v e  d i f f e r e n c e  be tween  t h e  c a s e s  o f  He: and  H i  
i s  t h a t  t h e  h e l i u m  i o n  shows c u r v e  c r o s s i n g s  a t  f i n i t e  ( a n d  e v e n  l a r g e )  

i n t e r n u c l e a r  d i s t a n c e s ,  w h i l e  t h e  hydrogen  i o n  p o s s e s s e s  no s u c h  c r o s s -  

i n g s .  

g e n t i a l l y  a s  R -+ 0 ,  t h e  e l e c t r o n i c  e n e r g i e s  o f  two d i f f e r e n t  s t a t e s  e a c h  

a p p r o a c h i n g  t h e  same u n i t e d  atom l i m i t  a s  R2. 
p o s s e s s e s  t a n g e n t i a l  p s e u d o c r o s s i n g s  o f  t h i s  t y p e  a s  R -+ 0 ,  s i n c e  two or 

more c u r v e s  may a p p r o a c h  t h e  same u n i t e d  atom l e v e l  o f  Be', 

p r o a c h  w i l l  g e n e r a l l y  o c c u r  q u a d r a t i c a l l y  a s  R .  As B a t e s  and  o t h e r s  h a v e  

p o i n t e d  o u t ,  t h e s e  t a n g e n t i a l  p s e u d o c r o s s i n g s  a r e  p a r t i c u l a r l y  e f f i c a -  

c i o u s  i n  g e n e r a t i n g  i n e l a s t i c  t r a n s i t i o n s  b e c a u s e  t h e  i n t e r a c t i o n  i s  

s t r o n g  o v e r  a n  e x t e n d e d  r e g i o n  i n  R .  S i n c e  t h e y  o c c u r  a t  s m a l l  R ,  t r a n -  

s i t i o n s  o f  t h i s  k i n d  a r e  a s s o c i a t e d  m a i n l y  w i t h  s m a l l  L and  l a r g e  a n g l e s  

I n s t e a d ,  i n  H i  c e r t a i n  o f  t h e  c u r v e s  a p p r o a c h  e a c h  o t h e r  t a n -  

The h e l i u m  s y s t e m  a l s o  

and  t h e  ap -  

o f  s c a t t e r i n g ,  a t  l e a s t  a t  low e n e r g i e s .  

U n l i k e  H i  t h e n ,  He: p o s s e s s e s  two t y p e s  o f  p s e u d o c r o s s i n g s :  

o n e s  a t  l a r g e  R ,  and q u a d r a t i c  ones a t  R = 0. The l a t t e r  t y p e ,  which  

d o e s  e x i s t  i n  H i ,  i s  l i k e l y  t o  be e s p e c i a l l y  i m p o r t a n t  i n  He: a s  w e l l .  

Bo th  d e s e r v e  t o  be  s t u d i e d .  

l i n e a r  
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I * 

I I1 CALCULATIONS 

A. POTENTIALS 

The i n t e r a c t i o n  p o t e n t i a l s  used  i n  o u r  c a l c u l a t i o n s  a r e  i l l u s t r a t e d  

i n  F i g .  l a .  The a t t r a c t i v e  ( u n g e r a d e )  p o t e n t i a l  was o b t a i n e d  f rom t h e  

work o f  Reagen ,  Browne and MatsenU, whose c a l c u l a t i o n s  c o v e r  t h e  r e g i o n  

f rom 0.8A t o  5.OA. A t  R = a t h i s  c u r v e  d i s s o c i a t e s  t o  He(1s)'  a n d H e + ( l s ) .  

A t  R = 0 i t  i s  r e l a t e d  t o  Be' i n  a ( l s ) ' 2 p  c o n f i g u r a t i o n .  

example  o f  L i c h t e n ? ,  

t h e  c a l c u l a t i o n s  of  P h i l l i p s o n E  

t i o n s  c o v e r  t h e  r e g i o n  from 0.5A t o  2.OA. P h i l l i p s o n ' s  t a b l e s  g i v e  t h e  

e l e c t r o n i c  e n e r g y  which i s  r e l a t e d  t o  t h e  p o t e n t i a l  by Eq. ( 4 ) .  The v a l u e  

- 1 3 0 . 5 8  e V  was used  f o r  E",1. 
B e ' ( l s ) ( 2 p ) ' .  

o f  He' on tIe s c a t t e r i n g  h a s  been  g i v e n  by L i c h t e n 7 .  

were r e q u i r e d  f o r  v a l u e s  o f  fi down t o  O.lA, t h e  t h e o r e t i c a l  c u r v e s  were 

e x t e n d e d  t o  s m a l l  v a l u e s  o f  R by a s s i g n i n g  them a s c r e e n e d  Coulomb form 

w i t h  a r b i t r a r y  p a r a m e t e r s .  F o r  l a r g e  R t h e y  were a l l o w e d  t o  d e c a y  expo-  

n e n t i a l l y .  

F o l l o w i n g  t h e  

t h e  r e p u l s i v e  o r  g e r a d e  p o t e n t i a l  w a s  o b t a i n e d  from 

by u s e  o f  Koopman's r u l e .  T h e s e  c a l c u l a -  

For R = 0 t h i s  p o t e n t i a l  i s  r e l a t e d  t o  a 

J u s t i f i c a t i o n  o f  t h e  s t a t e s  t o  be u s e d  i n  t h e  d e s c r i p t i o n  

S i n c e  t h e  p o t e n t i a l s  

S i n c e  d e r i v a t i v e s  o f  t h e  p o t e n t i a l s  were a l s o  r e q u i r e d ,  i t  was  con-  

v e n i e n t  t o  r e p r e s e n t  t h e  p o t e n t i a l s  w i t h  a n a l y t i c a l  f u n c t i o n s  r a t h e r  

t h a n  u s e  n u m e r i c a l  v a l u e s .  The f o l l o w i n g  f u n c t i o n s  f i t  t h e  t h e o r e t i c a l  

p o t e n t i a l s  w i t h i n  1%. 

80.6842 

R 
V" = exp (-5.2529R.l . 5  < R 

P = 2.30OIexp [4.588(1-R/1.091)1 - 2 exp .[2.294(1 - R/1.091)1) . 5  5 R 5 1.091 

V'' = 2.300{exp [4.600(1-R/1.091)1 - 2 exp [2.300(1-R/1.091)1) 1.091 < R 5 2.0 

P = 2.698{exp [5.012(1-R/1.091)1 - 2 exp [2.506(1-R/1.091)1) 2.0 < R 

73.0337 

R 
v g  = exp (-1.9018R) 7 < R  

V g  = 7.75 exp [3.53(1 - R/l.091)1 .7 Z R  5 1.091 

Vg = 7.75 exp [(3.2514(1 - R/1.091)I 1.091 < R 
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D i f f i c u l t i e s  were  e n c o u n t e r e d  a t  j u n c t i o n  p o i n t s  o f  t h e s e  f u n c t i o n s .  

S i n c e  t h e  i n t e g r a l s  i n v o l v e d  i n  t h e  c a l c u l a t i o n s  have  s i n g u l a r i t i e s  a t  

R u ,  
when R ,  w a s  n e a r  a j u n c t i o n  p o i n t .  

zny p l i g h t  i r r e g u l a r i t i e s  i n  t h e  pctentia! ca f i sed  d i s t o r t i o n s  i n  QL 
These  d i s t o r t i o n s  were e s p e c i a l l y  

. n o t i c e a b l e  i n  t h e  c r o s s  s e c t i o n  c u r v e s  n e a r  minima,  s i n c e  t h e  minima a r e  

e s s e n t i a l l y  s m a l l  d i f f e r e n c e s  between l a r g e  numbers .  T h i s  d i f f i c u l t y  

was min imized  by t h e  u s e  o f  smoo th ing  r o u t i n e s  i n  t h e  o f f e n d i n g  r e g i o n s .  

The l o n g  r a n g e  b e h a v i o r  o f  t h e  p o t e n t i a l s  u s e d  i n  t h e s e  c a l c u l a t i o n s  

i s  n o t  c o r r e c t ;  however ,  f o r  t h e  r a n g e  o f  e n e r g i e s  and a n g l e s  c o n s i d e r e d ,  

i t  i s  i r r e l e v a n t .  The r e p u l s i v e  c u r v e  u s e d  i n  t h i s  work was a l w a y s  p o s i -  

t i v e ,  w h i l e  i t  i s  known t h a t  i t  m u s t  e v e n t u a l l y  become n e g a t i v e ,  ~ . e . ,  

a t t r a c t i v e .  For  Hl t h e  r e p u l s i v e  c u r v e  becomes a t t r a c t i v e  beyond 25A." 
S i n c e  h e l i u m  i s  less  p o l a r i z a b l e  t h a n  h y d r o g e n ,  t h e  r e p u l s i v e  c u r v e  c a n  

o n l y  become a t t r a c t i v e  f o r  R > 25A. The p o t e n t i a l s  u s e d  h e r e  a l s o  do  

n o t  behave  a s  R - *  a t  l a r g e  R .  
c o m p a r i s o n  o f  t h e  work o f  M o i s e i w i t s c h B  and D a l g a r n o  and K i n g s t o n %  i n d i -  

c a t e s  t ha t ,  beyond 5 A  t h e  p o l a r i z a t i o n  e n e r g y  makes a s i g n i f i c a n t  c o n t r i b u -  

t i o n  t o  t h e  i n t e r a c t i o n  p o t e n t i a l .  Undoub ted ly  a t  l a r g e  R ,  t h e  p o t e n t i a l s  

u s e d  h e r e  a r e  d i m i n i s h i n g  t o o  r a p i d l y .  However,  s i n c e  w e  a r e  d e a l i n g  

w i t h  r e l a t i v e l y  l a r g e  i n c i d e n t  e n e r g i e s  ( 1 5  e V  or g r e a t e r )  t h e  l o n g  r a n g e  

f o r c e s  e s s e n t i a l l y  c o n t r i b u t e  o n l y  t o  v e r y  s m a l l  s c a t t e r i n g  a n g l e s  ( l e s s  

t h a n  1") and t h u s  need  n o t  be c o n s i d e r e d .  I n  f a c t ,  t e r m i n a t i n g  t h e  

p o t e n t i a l  beyond 5.2A changed  t h e  p h a s e  s h i f t s  by l e s s  t h a n  one  p a r t  i n  

a t h o u s a n d .  On t h e  o t h e r  hand ,  changes  i n  t h e  g p o t e n t i a l  i n  t h e  r e g i o n  

be tween  2 .0  and 5 .OA had  a c o n s i d e r a b l e  e f f e c t  on t h e  c r o s s  s e c t i o n s  

e v e n  though  t h e  t u r n i n g  p o i n t  f e l l  i n  t h e  u n a l t e r e d  r e g i o n ,  R < 2.OA.  

Examina t ion  o f  t h e  H i  p o t e n t i a l s  and 

The s h o r t  r a n g e  b e h a v i o r  ( <  0 . 5 A )  o f  t h e  p o t e n t i a l s  i s  a l s o  i n c o r r e c t .  

A p l o t  o f  I.' v e r s u s  R l o o k s  r e a s o n a b l e  a t  s m a l l  R .  However,  i f  t h e  

c o u l o m b i c  r e p u l s i o n  term i s  s u b t r a c t e d  from t h e  p o t e n t i a l  and t h e  r e s u l t i n g  

Eel ( R )  i s  p l o t t e d  a s  i n  F i g .  l b ,  i t  i s  r e a d i l y  a p p a r e n t  t h a t  t h e  p o t e n t i a l s  

d o  n o t  have  t h e  p r o p e r  s m a l l  R b e h a v i o r .  

c o n s i d e r e d  i n  t h i s  p a p e r  p r o b e s  i n t o  t h i s  r e g i o n  o f  t h e  p o t e n t i a l ,  and  t h a t  

o n l y  a t  t h e  l a r g e r  a n g l e s .  I t  would c e r t a i n l y  be  p o s s i b l e  t o  g u e s s  a t  a 

b e t t e r  e x t r a p o l a t i o n  o f  t h e  p o t e n t i a l s  i n t o  t h i s  r e g i o n ,  b u t  what  i s  

r e a l l y  n e e d e d  i s  an e x t e n s i o n  o f  t h e  computed  p o t e n t i a l s  t o  much s m a l l e r  

v a l u e s  o f  R .  

Only t h e  h i g h e s t  e n e r g y  (300 eV)  
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3. CALCULATIONAL PROCEDURES 

A l l  c a l c u l a t i o n s  were pe r fo rmed  on an  IBM 7090. I n  g e n e r a l ,  i n t e -  

g r a l s  were e v a l u a t e d  by means o f  G a ~ s s - M e h l e r ~ ~  q u a d r a t u r e s .  The mach ine  

p r o g r a m s  w e r e  c h e c k e d  by hand c a l c u l a t i o n s  and  by u s i n g  a 6-12 p o t e n t i a l  

and  c o m p a r i n g  w i t h  t a b u l a t e d  va lues .% V a l u e s  o b t a i n e d  by Gauss -Meh le r  

q u a d r a t u r e s  were a l s o  v e r i f i e d  by e v a l u a t i n g  t h e  i n t e g r a l s  by Weddle ' s  

Rule.27 

The q u a n t i t i e s  n e c e s s a r y  f o r  t h e  c a l c u l a t i o n  o f  t h e  c l a s s i c a l  s c a t -  

t e r i n g  a m p l i t u d e s  whose i n t e r f e r e n c e  g i v e s  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  

i n  t h e  s e m i c l a s s i c a l  a p p r o x i m a t i o n  a r e  t h e  p h a s e s ,  A, ,  

f u n c t i o n s ,  e i ,  and t h e  d e r i v a t i v e  o f  8 ;  w i t h  r e s p e c t  t o  L ,  r i .  
i s  g i v e n  by Eq. ( 2 5 a ) .  The o t h e r  q u a n t i t i e s  a r e  g i v e n  by 

t h e  d e f l e c t i o n  

T h e p h a s e  

aA dR 

2ptE - V ( R ) I  

e = - = n - 2 ~  
aL 
aA dR 

l r  1 2  7% 
e = - = n - 2 ~  

aL 

r a A 

where  t h e  p r i m e  d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  R and 

A = -- 
I. 

( 5 5 )  

(56a') 

The c a l c u l a t i o n a l  program u s e d  w a s  t h e  f o l l o w i n g .  

e v a l u a t e d  f o r  v a r i o u s  v a l u e s o f L  a t  e a c h  e n e r g y E .  
A ,  8 and r were 

An a d e q u a t e  v a r i a t i o n  
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i n  L was u s e d  s o  t h a t  t h e  d e s i r e d  r a n g e  i n  8 was c o v e r e d .  S u f f i c i e n t  

v a l u e s  were  computed t o  p e r m i t  a c c u r a t e  i n t e r p o l a t i o n  o f  L ,  A, and I7 a t  

s u c c e s s i v e  v a l u e s  o f  @. The c r o s s  s e c t i o n s  were t h e n  e v a l u a t e d  by means 

of  Eqs. ( 2 6 ) ,  ( 2 1 )  and ( 4 0 ) .  

To tes t  t h e  v a l i d i t y  o f  t h e  s e m i c l a s s i c a l  a p p r o x i m a t i o n  a program 

was d e v e l o p e d  t o  c a l c u l a t e  t h e  c r o s s  s e c t i o n s  by t h e  s e m i q u a n t a l  summation 

p r o c e d u r e .  C o n v e r t i n g  t h e  c l a s s i c a l  p h a s e ,  A ( L ) ,  i n t o  a quantum p h a s e  

s h i f t  6 ,  by means o f  Eq. (24) w e  o b t a i n  an  e x p r e s s i o n  f o r  6 ,  which  i s  a 

v a l i d  a p p r o x i m a t i o n  i n  t h i s  c a s e  s i n c e  t h e  r e d u c e d  e n e r g y  ( E / € )  i s  g r e a t e r  

t h a n  5 a n d  t h e  quantum p a r a m e t e r ,  hi, i s  less  t h a n  0.2m. For s m a l l  and 

m o d e r a t e  8 v a l u e s  t h e  p h a s e  s h i f t s  were e v a l u a t e d  by Wedd le ' s  R u l e .  

l a r g e  8 (more p r e c i s e l y ,  l a r g e  R o )  t h e  e x p r e s s i o n  f o r  t h e  phase  s h i f t  

r e d u c e s  t o  

For 

V (  r ) d R  
( 5 7 )  

and t o  an e x c e l l e n t  a p p r o x i m a t i o n  

S i n c e  t h e  p o t e n t i a l s  were  w r i t t e n  i n  an  e x p o n e n t i a l  fo rm,  t h e  p h a s e  s h i f t s  

a r e  g i v e n  by 

where  c and y a r e  p o t e n t i a l  p a r a m e t e r s .  This i n t e g r a l  may b e  e v a l u a t e d  

t o  y i e l d s  
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w h e r e  K ,  i s  t h e  f i r s t  o r d e r  m o d i f i e d  Bessel f u n c t i o n  o f  t h e  s e c o n d  k i n d .  

F o r  l a r g e  v a l u e s  o f  yRo, which i s  t h e  c a s e  h e r e ,  K ,  may b e  expanded a s  a 

r a p i d l y  c o n v e r g i n g  s e r i e s . 3 0  

a b o v e  e q u a t i o n  was v a l i d  f o r  1 > 325 ( c r i t e r i o n :  t h e  d i f f e r e n c e  be tween 

t h e  s e m i c l a s s i c a l  p h a s e  s h i f t  and Eq. ( 5 9 )  i s  l e s s  t h a n  . 0 0 5  r a d i a n s ) .  

500 p h a s e  s h i f t s  were found t o  be s u f f i c i e n t  f o r  t h e  c r o s s  s e c t i o n  t o  b e  

a c c u r a t e  t o  a t  l e a s t  3 s i g n i f i c a n t  f i g u r e s .  The c r o s s  s e c t i o n s  were 

e v a l u a t e d  by means o f  Eqs .  (231, ( 2 1 )  and  (40). 

F o r  E = 15 eV and t h e  He' - He s y s t e m  t h e  

The r e l i a b i l i t y  of t h e  s e m i c l a s s i c a l  c a l c u l a t i o n  i s  shown a t  15  e V  
by i t s  c o m p a r i s o n  w i t h  t h e  s e m i q u a n t a l  one  i n  F i g .  2.  O u t s i d e  t h e  

r a i n b o w  a n g l e  t h e  o n l y  n o t i c e a b l e  d i s c r e p a n c y  i s  i n  t h e  a b s o l u t e  magni-  

t u d e  o f  t h e  f i n e  s t r u c t u r e .  On t h e  low a n g l e  s i d e  o f  t h e  r a i n b o w  r e g i o n  

g r e a t e r  d e v i a t i o n s  a p p e a r ;  t h e y  a r e  d u e  t o  known d e f i c i e n c i e s  o f  t h e  

r a i n b o w  a p p r o x i m a t i o n .  N e i t h e r  of t h e s e  f e a t u r e s  i s  o f  any  s i g n i f i c a n c e  

i n  t h e  c o m p a r i s o n  o f  t h e o r y  w i t h  e x p e r i m e n t  b e c a u s e  t h e y  a p p e a r  o n l y  a t  

much f i n e r  a n g u l a r  r e s o l u t i o n  t h a n  t h e  e x p e r i m e n t s  a l l o w .  For  t h a t  

r e a s o n ,  w e  u s e d  o n l y  t h e  s e m i c l a s s i c a l  method a t  h i g h e r  e n e r g i e s ,  where  

i t  s h o u l d  be s t i l l  more r e l i a b l e .  

C a l c u l a t i o n s  were a l s o  p e r f o r m e d  i n  t h e  v i c i n i t y  o f  t h e  r a i n b o w  

a n g l e  u s i n g  a m o d i f i e d  s emic la s s i ca l  a p p r o x i m a t i o n .  I n  t h i s  r e g i o n  

0 ( L )  may be e x p a n d e d  a s  a q u a d r a t i c  a b o u t  t h e  c l a s s i c a l  r a i n b o w  a n g l e ,  

0". The r e s u l t i n g  e x p r e s s i o n s  c o n t a i n  A i r y  i n t e g r a l s  f o r  which  e x t e n -  

s i v e  t a b l e s "  a r e  a v a i l a b l e .  

f o r  t h i s  p r o c e d u r e  h a v e  been  g i v e n  by F o r d  and  Wheeler.16 

( l a r g e  a n g l e )  s i d e  o f  t h e  ra inbow a n g l e  t h i s  a p p r o x i m a t i o n  b l e n d s  i n  

s m o o t h l y  w i t h  t h e  u s u a l  s e m i c l a s s i c a l  a p p r o x i m a t i o n .  On t h e  b r i g h t  s i d e ,  

h o w e v e r ,  i t  d o e s  n o t ,  s i n c e  a q u a d r a t i c  e x p a n s i o n  o f  t h e  d e f l e c t i o n  

f u n c t i o n  is  a p o o r  r e p r e s e n t a t i o n  f o r  8" a t  l a r g e  L ( s m a l l  a n g l e s ) .  F o r  

t h i s  r e a s o n  F i g .  2 shows t h e  s e m i c l a s s i c a l  a p p r o x i m a t i o n  o n l y  f o r  a n g l e s  

g r e a t e r  t h a n  6 " .  The r a i n b o w  a n g l e  c r o s s  s e c t i o n s  were computed  i g n o r i n g  

t h e  e f f e c t  o f  n u c l e a r  symmetry;  F ig .  4 shows t h a t  t h i s  e f f e c t  i s  n e g l i g i b l e  

a t  s m a l l  a n g l e s .  

A l u c i d  d i s c u s s i o n  and t h e  r e l e v a n t  e q u a t i o n s  

On t h e  d a r k  
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IV RESULTS AND DISCUSSION 

A .  ELASTIC EFFECTS 

F i g u r e s  2 ,  3 ,  and 4 show our c a l c u l a t e d  d i f f e r e n t i a l  s c a t t e r i n g  c r o s s  

s e c t i o n s  a t  1 5 ,  50 and  300 eV and t h e  c o r r e s p o n d i n g  e x p e r i m e n t a l  r e s u l t s .  

We h a v e  u s e d  c e n t e r  mass  e n e r g i e s  and  a n g l e s  t h r o u g h o u t ,  which  means t h a t  

o u r  e n e r g i e s  a r e  h a l f  t h e  l a b o r a t o r y  e n e r g i e s  and a n g l e s  t w i c e  t h e  l a b o r a -  

t o r y  a n g l e s .  

Two f e a t u r e s  o f  o u r  c a l c u l a t i o n s  p r o v i d e  q u a l i t a t i v e l y  new e x p l a n a t i o n s  

f o r  phenomena s e e n  i n  t h e  e x p e r i m e n t a l  d a t a .  F i r s t ,  t h e  c o r r e c t  t r e a t m e n t  

o f  t h e  i n t e r f e r e n c e  be tween g e r a d e  and u n g e r a d e  s c a t t e r i n g  ( a s  a l s o  ob -  

s e r v e d  by F. J .  Smithlo) g i v e s  a second mechanism f o r  t h e  “ d a m p i n g ”  o f  t h e  

i n t e r f e r e n c e  o s c i l l a t i o n s  which may, a t  low e n e r g i e s ,  b e  more i m p o r t a n t  

t h a n  t h e  e f f e c t  o f  i n e l a s t i c  p r o c e s s e s .  Second ,  t h e  a d d i t i o n a l  i n t e r f e r -  

e n c e  due t o  n u c l e a r  symmetry e x p l a i n s  t h e  s u b s i d i a r y  s t r u c t u r e  s e e n  on t h e  

main i n t e r f e r e n c e  p e a k s  i n  t h e  e x p e r i m e n t s  a t  l a r g e  a n g l e s ,  e s p e c i a l l y  a t  

e n e r g i e s  above 100 eV. 

The e f f e c t  o f  n u c l e a r  symmetry i s  shown i n  t h e  c u r v e  a t  300 e V ,  

F i g .  4, where  t h e  f u l l  t h e o r e t i c a l  c u r v e  i s  compared w i t h  t h e  c o n t r i b u t i o n s  

from d i r e c t  s c a t t e r i n g  and p u r e  c h a r g e  exchange  s c a t t e r i n g .  Out  t o  a b o u t  

20”  t h e  f u l l  c u r v e  c o i n c i d e s  w e l l  w i t h  t h e  p u r e  d i r e c t  s c a t t e r i n g  c o n t r i -  

b u t i o n .  The p u r e  exchange  c o n t r i b u t i o n  i s  i n s i g n i f i c a n t  o u t  t o  a t  l e a s t  

40” ,  b u t  t h e  i n t e r f e r e n c e  be tween t h e  two h a s  an i n t e r m e d i a t e  m a g n i t u d e  and 

becomes i m p o r t a n t  i n  t h e  r e g i o n  from 2 0 ”  o u t .  

f o l l o w i n g  Eqs .  (46)  t o  ( 4 9 )  shows t h a t  t h i s  s u b s i d i a r y  s t r u c t u r e  o s c i l l a t e s  

a b o u t  3 times f a s t e r  t h a n  t h e  main p e a k s  n e a r  25” and a b o u t  6 - 7  t imes  

f a s t e r  n e a r  50”.  T h i s  b e h a v i o r  i s  shown i n  F i g .  4, and j u s t  t h e s e  p e r i o d s  

c a n  b e  s e e n  i n  t h e  f i n e  s t r u c t u r e  o f  t h e  e x p e r i m e n t a l  c u r v e .  S i m i l a r  

s t r u c t u r e  c a n  b e  i d e n t i f i e d  w i t h  v a r y i n g  d e g r e e s  o f  r e s o l u t i o n  i n  a l l  t h e  

e x p e r i m e n t a l  c u r v e s  e x c e p t  t h o s e  a t  t h e  l o w e s t  e n e r g i e s  (10  and 15 e V ) ’ ,  

where  t h e  r e s o l u t i o n  i s  i n s u f f i c i e n t .  

An a n a l y s i s  o f  t h e  p h a s e s  

We b e l i e v e  t h a t  t h e  i d e n t i f i c a t i o n  o f  t h e  e x p e r i m e n t a l  f i n e  s t r u c t u r e  

a s  a n e f f e c t  o f  n u c l e a r  symmetry i s  f i r m l y  g rounded  i n  t h e  i d e n t i t y  o f  t h e  

t h e o r e t i c a l  and e x p e r i m e n t a l  p e r i o d i c i t i e s .  F u r t h e r  t e s t s  c a n b e  made t o  
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c o n f i r m  t h i s  c o n c l u s i o n .  F i r s t ,  we c a n  p r e d i c t  t h e  d i r e c t i o n  and r a t e  of  

movement o f  t h e  p e a k s  w i t h  e n e r g y .  Second ,  t h i s  i n t e r f e r e n c e  e f f e c t  s h o u l d  

n o t  a p p e a r  i n  t h e  unsymmet r i c  s c a t t e r i n g  e v e n t s  4 H e +  + 3 H e  and 3 H e +  + 4 H e .  

The movement o f  t h e  s u b s i d i a r y  p e a k s  w i t h  e n e r g y  can  b e  examined e x -  

p e r i m e n t a l l y  w i t h  t h e  a i d  o f  a p l o t  o f  t h e  l o c i  o f  t h e  maxima and minima 

i n  t h e  ( E , O )  p l a n e ,  a s  employed by E v e r h a r t 2 c .  

f o r  t h e  main p e a k s  by L o r e n t s  and A b e r t h ' ,  

s t r u c t e d  f o r  t h e  s u b s i d i a r y  p e a k s .  A t h e o r e t i c a l  p r e d i c t i o n  o f  t h e  move- 

ment o f  t h e s e  f e a t u r e s  c a n  b e  made b y  u s i n g  Eqs .  ( 5 2 )  combined w i t h  ( 4 7 )  
t o  ( 4 9 ) ;  n o t e  t h a t  t h e  f i r s t  term i n  Eq. ( 4 9 )  s u g g e s t s  t h a t  maxima t e n d  

t o  t u r n  i n t o  minima when t h e  s i g n  o f  c o s  c h a n g e s .  A p r e l i m i n a r y  e s t i -  

m a t e  s u g g e s t s  t h a t  a t  e n e r g i e s  n e a r  300 eV and i n  t h e  a n g u l a r  r e g i o n  20" 

t o  60" t h e  s e c o n d a r y  p e a k s  w i l l  move i n  t h e  o p p o s i t e  d i r e c t i o n  t o  t h e  

main p e a k s  and up t o  5 t imes f a s t e r .  I n  o r d e r  t o  f o l l o w  t h i s  mo t ion  and 

i d e n t i f y  t h e  p e a k s  p r o p e r l y ,  e x p e r i m e n t s  may be  n e e d e d  a t  e n e r g i e s  con-  

s i d e r a b l y  c l o s e r  t h a n  t h e  50 eV i n t e r v a l s  t h u s  f a r  measu red .  

Such a d i a g r a m  i s  g i v e n  

and a s i m i l a r  o n e  c o u l d  be c o n -  

I n  a q u a n t i t a t i v e  c o m p a r i s o n  be tween  t h e o r y  and  e x p e r i m e n t ,  t h e  s o u r c e s  

o f  d i s a g r e e m e n t  a r e  o f  t h r e e  main t y p e s .  F i r s t ,  t h e  e x p e r i m e n t a l  l i m i t a -  

t i o n s  on r e s o l u t i o n  and  s e n s i t i v i t y  d i s c u s s e d  i n  R e f .  1, e s p e c i a l l y :  ( a )  

t h e  g e o m e t r i c  l i m i t a t i o n  on a n g u l a r  r e s o l u t i o n  ( s l i t  s i z e s ,  s h a p e s  and 

l o c a t i o n s ) ,  ( b )  t h e  e f f e c t  o f  t h e  t h e r m a l  mot ion  o f  t h e  t a r g e t  a toms on 

a n g u l a r  r e s o l u t i o n ,  and ( c )  t h e  background n o i s e  l i m i t  on s e n s i t i v i t y .  

S e c o n d ,  t h e  i n t r i n s i c  l i m i t a t i o n s  o f  a 2 - s t a t e  t h e o r y ,  which d o e s  n o t  t a k e  

i n t o  a c c o u n t  i n e l a s t i c  c o l l i s i o n s  o r  t h e  e f f e c t  o f  o t h e r  m o l e c u l a r  s t a t e s  

on t h e  e l a s t i c  c o l l i s i o n .  T h i r d ,  i n a c c u r a c y  o f  t h e  p o t e n t i a l  f u n c t i o n s  

u s e d  i n  o u r  2 - s t a t e  c a l c u l a t i o n s .  T h e s e  f a c t o r s  o f  d i s a g r e e m e n t  work i n  

v a r y i n g  ways on t h e  d i f f e r e n t  f e a t u r e s  o f  t h e  c u r v e s  t h a t  a r e  a v a i l a b l e  

f o r  t h e  c o m p a r i s o n  o f  t h e o r y  and e x p e r i m e n t .  

The  p r i n c i p a l  f e a t u r e s  o f  t h e  c u r v e s  t h a t  c a n  be  examined  a r e  ( 1 )  t h e  

p r i n c i p a l  maxima and minima,  e s p e c i a l l y  ( a )  t h e i r  p e r i o d i c i t y ,  ( b )  t h e i r  

movement w i t h  e n e r g y ,  and  ( c )  t h e i r  p r e c i s e  l o c a t i o n ;  ( 2 )  t h e  s u b s i d i a r y  

e x t r e m a ,  i n  t h e  same ways;  ( 3 )  t h e  r a i n b o w  s c a t t e r i n g  r e g i o n ,  ( a )  i t s  

l o c a t i o n  and (b) i t s  g e n e r a l  b e h a v i o r ;  and (4) t h e  a b s o l u t e  m a g n i t u d e  o f  

t h e  c r o s s  s e c t i o n  c u r v e ,  w i t h  r e g a r d  t o  which  w e  may c o n s i d e r  s e v e r a l  d e -  

g r e e s  o f  r e s o l u t i o n ,  ( a )  t h e  upper  e n v e l o p e ,  ( b )  t h e  lower  e n v e l o p e  o f  t h e  

p r i n c i p a l  p e a k s ,  ( c )  t h e  a m p l i t u d e s  o f  t h e  s e c o n d a r y  p e a k s ,  and ( d )  t h e  

c u r v e  i n  c o m p l e t e  d e t a i l .  We s e e  i m m e d i a t e l y  f rom t h e  f i g u r e s  t h a t  t h e  
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p r i n c i p a l  p e a k s  a r e  w e l l  e x p l a i n e d  i n  t h e i r  p e r i o d i c i t y  and t h e i r  movement 

- w i t h  e n e r g y ,  b u t  t h e i r  l o c a t i o n  i s  less  p r e c i s e l y  g i v e n ,  e s p e c i a l l y  a t  low 

e n e r g y  and a t  t h e  l a r g e s t  a n g l e s .  The p e r i o d i c i t y  o f  t h e  s u b s i d i a r y  p e a k s  

seems w i l l  a c c o u n t e d  f o r ,  b u t  t h e i r  movement h a s  n o t  y e t  been  e x p l o r e d  e x -  

p e r i m e n t a l l y ,  and t h e i r  e x a c t  l o c a t i o n s  c a n n o t  be p r e d i c t e d  a s  y e t  b e c a u s e  

t h e y  d e p e n d  s e n s i t i v e l y  on  t h e  p o t e n t i a l  i n  t h e  s m a l l  R r e g i o n  where  i t  i s  

n o t  r e a l l y  known and  where  our e x t r a p o l a t i o n s  f a i l .  The r a inbow a n g l e  i s  

i n  c o m p l e t e  a g r e e m e n t  w i t h  p r e d i c t i o n ,  c o n f i r m i n g  t h e  u n g e r a d e  p o t e n t i a l  

n e a r  i t s  minimum; t h e  d e t a i l e d  r a inbow b e h a v i o r  i s  masked b y  l a c k  o f  a n g u l a r  

r e s o l u t i o n ,  b u t  i t s  a v e r a g e  b e h a v i o r  i s  s a t i s f a c t o r y ,  a s  shown by F i g .  ( 

o f  R e f .  ( 1 )  where t h e  e x p e r i m e n t a l  a n g u l a r  d i s t r i b u t i o n  i s  t a k e n  i n t o  a c -  

c o u n t .  The  m a g n i t u d e s  o f  t h e  c r o s s  s e c t i o n  c u r v e s  show q u i t e  s a t i s f a c t o r y  

a g r e e m e n t ,  t h e  u p p e r  e n v e l o p e s  m a t c h i n g  w e l l  w i t h i n  e x p e r i m e n t a l  e r r o r  

e x c e p t  i n  t h e  l a r g e  a n g l e  r e g i o n  (6 2 40" a t  50 eV and B 2 2 0 "  a t  300 e V )  

where t h e  c a l c u l a t i o n s  r e f l e c t  i n a c c u r a c i e s  i n  t h e  p o t e n t i a l .  The  c a l c u -  

l a t e d  lower  e n v e l o p e  l i e s  c o n s i s t e n t l y  be low t h e  e x p e r i m e n t a l  o n e ,  an  e x -  

p e c t e d  r e s u l t  o f  l i m i t e d  a n g u l a r  r e s o l u t i o n  and background  n o i s e .  The  

a m p l i t u d e s  o f  even  t h e  s e c o n d a r y  o s c i l l a t i o n s  show c o n s i d e r a b l e  a g r e e m e n t  

w i t h  e x p e r i m e n t  ( p e r h a p s  f o r t u i t o u s l y )  a t  300 eV, b u t  a t  50 e\/ t h e y  seem 

t o o  l a r g e ;  w i t h  improved  p o t e n t i a l s  t h e  s e c o n d a r y  p e a k s  may c h a n g e  

con  s i  d e r  a b l y .  

I t  h a s  been  o u r  aim h e r e  t o  show how w e l l  t h e  e x i s t i n g  p o t e n t i a l s  e x -  

p l a i n  t h e  e x p e r i m e n t a l  r e s u l t s .  !lowever,  t h e  d a t a  a r e  o f  s u c h  q u a l i t y  t h a t  

t h e y  c a n  a l s o  be u s e d  t o  improve  o u r  knowledge  o f  t h e  p o t e n t i a l s ,  and w e  

i n t e n d  t o  p u r s u e  t h i s  i n v e r s e  problem l a t e r .  T h i s  seems e s p e c i a l l y  w o r t h  

w h i l e  b e c a u s e  t h e  3 - e l e c t r o n  d i a t o m i c  s y s t e m  He: i s  an  i d e a l  t e s t  c a s e  f o r  

compar ing  t h e o r y  and e x p e r i m e n t .  We hope  t h a t  t h e  e x p e r i m e n t s  and o u r  c a l -  

c u l a t i o n s  w i l l  prompt  f u r t h e r  work on t h e  e l e c t r o n i c  s t a t e s  o f  t h i s  s y s t e m .  

B e t t e r  e s t i m a t e s  o f  t h e  p o t e n t i a l s  a r e  n e e d e d ,  e s p e c i a l l y  f o r  R 5 0 . 8 A  f o r  

t h e  u c u r v e  and  f o r  R 5 0.5.4 a s  w e l l  a s  2 . O A  < R < 5 . O A  f o r  t h e  g. An e x -  

a m i n a t i o n  o f  t h e  c l a s s i c a l  t u r n i n g  p o i n t s  shows t h a t  t h e  e x p e r i m e n t s  a t  

l a r g e  a n g l e s  p r o b e  i n t o  r e g i o n s  o f  s m a l l  R where  t h e  p o t e n t i a l s  a r e  i l l  
known; t h i s  i s  e s p e c i a l l y  i m p o r t a n t  i n  t h a t  t h e  i n t e g r a l s  i n v o l v e d  i n  com- 

p u t i n g  f(0) w e i g h t  t h e  r e g i o n  o f  t h e  c l a s s i c a l  t u r n i n g  p o i n t  s t r o n g l y .  

C o n v e r s e l y ,  t h i s  makes i t  p o s s i b l e  t o  s e e  what r e g i o n  o f  t h e  p o t e n t i a l  

s h o u l d  b e  a d j u s t e d  i n  o r d e r  t o  f i t  t h e  d a t a  b e t t e r .  

I n  c o n n e c t i o n  w i t h  t h e  i n v e r s e  p r o b l e m ,  i t  i s  w o r t h  n o t i n g  t h a t  t h e  

sum o f  t h e  u p p e r  and l o w e r  e n v e l o p e s  o f  t h e  c r o s s  s e c t i o n  c u r v e  d e p e n d s  
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m a i n l y  on t ,he  a v e r a g e  p o t e n t i a l ,  b y  Eqs .  ( 3 8 a  and b ) :  

The lower  e n v e l o p e  

g i v e s  u s  a f u n c t i o n  6~ t h a t  depends  on t h e  d i f f e r e n c e  p o t e n t i a l  a s  w e l l  

a s  t h e  a v e r a g e .  The d i f f e r e n c e  p o t e n t i a l  a p p e a r s  a l s o  i n  t h e  p h a s e  

d i f f e r e n c e  G A ( E , B )  = (Ag- A u ) e  which i s  r e s p o n s i b l e  f o r  t h e  l o c a t i o n  

o f  t h e  maxima and  minima of  t h e  i n t e f e r e n c e  p a t t e r n .  S i n c e  b A ( E , B )  i s  

g i v e n  v e r y  w e l l  e x p e r i m e n t a l l y ,  t h e  d i f f e r e n c e  p o t e n t i a l  c a n  be deduced  

by i n v e r t i n g  Eq. ( 3 7 ) .  A c o m p u t a t i o n  o f  t h e  lower  e n v e l o p e  0- c a n  Lhen 

be u s e d  a s  a check  on t h e  p o t e n t i a l s  deduced  i n  t h i s  way. 

B .  I N E L A S T I C  EFFECTS 

I n e l a s t i c  c o l l i s i o n s  p r o b a b l y  do  n o t  a f f e c t  t h e  e l a s t i c  c r o s s  sec-  

t i o n  c u r v e s  much a t  t h e s e  low e n e r g i e s .  The u n g e r a d e  s t a t e  i n  p a r t i c u l a r  

c a n . h a r d l y  p a r t i c i p a t e  a t  a l l  i n  i n e l a s t i c  e v e n t s  a t  t h e s e  e n e r g i e s  s i n c e  

no o t h e r  s t a t e s  o f  t h e  same symmetry a p p r o a c h  i t -a  s i m i l a r  c a s e  i s  s e e n  

i n  t h e  c o l l i s i o n  H' + He, where  t h e  g r o u n d  s t a t e  c o l l i s i o n  i n v o l v e s  an  

i s o l a t e d  c u r v e  and  t h e  i n e l a s t i c  c h a r g e  exchange  p r o c e s s  e x c e e d s  5% o f  

t h e  t o t a l  o n l y  a t  e n e r g i e s  above  5 keV where  n u c l e a r .  and e l e c t r o n i c  

v e l o c i t i e s  b e g i n  t o  be comparable .32 

t h e  g e r a d e  s t a t e ,  where  t h e r e  a r e  many c u r v e  c r o s s i n g s ,  b u t  e a c h  i n e l a s t i c  

t r a n s i t i o n  p r o b a b l y  i s  c o n f i n e d  t o  a r a t h e r  na r row band i n  ( E , L )  s p a c e ,  

i n  which  c a s e  i t s  c h i e f  e f f e c t  on t h e  e l a s t i c  c r o s s  s e c t i o n  i s  t o  make 

f , ( E , B )  somewhat s m a l l e r  i n  a c e r t a i n  r a n g e  o f  8.  

t r a n s i t i o n s  w e  h a v e  If,(E,B)l>lfu(E,B)I f o r  a l l  B l a r g e r  t h a n  t h e  r a inbow 

a n g l e  a t  t h e  e n e r g i e s  w e  have  i n v e s t i g a t e d .  S i n c e  t h e  e n v e l o p e s  a r e  t h e  

u p p e r  and lower  l i m i t s  o f  t h e  i n e q u a l i t y  

I n e l a s t i c  p r o c e s s e s  c a n  o c c u r  i n  

Wi thou t  i n e l a s t i c  

a d e c r e a s e  i n  I f , /  w i l l  l ower  t h e  maxima, b u t  i t  w i l l  l ower  t h e  minima 

s t i l l  more. T n i s  shows s t r i k i n g l y  t h a t  t h e  f i r s t  e f f e c t  o f  i n e l a s t i c  

t r a n s i t i o n s  among g s t a t e s  i s  t o  d e c r e a s e  t h e  damping o f  t h e  o s c i l l a t i o n s  

p r e d i c t e d  i n  F i g s .  2 - 4 .  Only i f  i n e l a s t i c  e f f e c t s  become s o  p r o n o u n c e d  

32 
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a s  t o  make ~ f 8 ~ < ~ f u ~  w i l l  t h e y  beg in  t o  d o m i n a t e  o v e r  t h e  2 - s t a t e  i n t e r -  

f e r e n c e  e f f e c t  i n  t h e  damping-the s m a l l e r  I f  l - l f u l  i n  t h e  2 - s t a t e  

t h e o r y ,  t h e  s o o n e r  t h i s  w i l l  o c c u r .  
g 

I n e l a s t i c  e f f e c t s  c a n  n e v e r  c o n t r i b u t e  t o  t h e  i n t e r f e r e n c e s  s e e n  

i n  t h e  e l a s t i c  c r o s s  s e c t i o n  e x c e p t  by r e d u c i n g  t h e  m a g n i t u d e  o f  some 

f , ( e ) .  
c r o s s i n g s  t h a t  p r o d u c e  t h e  low e n e r g y  i n e l a s t i c  t r a n s i t i o n s :  

n e i g h b o r h o o d  o f  a c u r v e  c r o s s i n g  t h e  p h a s e  o f  t h e  e l a s t i c  p a r t i a l  waves 

may be a l t e r e d  by t h e  i n t e r a c t i o n ,  p r o d u c i n g  an  anomalous  c o n t r i b u t i o n  

t o  f ( e ) .  I f ,  a s  i s  l i k e l y ,  t h i s  s p r e a d s  i t s  e f f e c t  w i d e l y  i n  8 ,  i t s  

m a g n i t u d e  w i l l  be  s m a l l  eve rywhere  and  i t  w i l l  o n l y  be n o t i c e a b l e  ( i f  

a t  a l l )  by i t s  d i m i n u t i o n  o f  t h e  u n p e r t u r b e d  f , ( e )  n e a r  t h e  c r o s s i n g  

a n g l e .  However,  a s t r o n g  i n t e r a c t i o n  o f  2 o r  more e l e c t r o n i c  s t a t e s  

may r e s u l t  i n  a s h i f t  o f  t h e  p h a s e  o f  one  o f  t h e  e l a s t i c  f & ' s  which  w i l l  

t h e n  show i t s e l f  i n  t h e  e l a s t i c  i n t e r f e r e n c e  p a t t e r n .  Such a n  e f f e c t  

was d e t e c t e d  by B a t e s  and Wi l l i ams '  i n  t h e  c a s e  o f  H+ + H a t  r e l a t i v e l y  

h i g h  e n e r g i e s  due  t o  t h e  t a n g e n t i a l  p s e u d o c r o s s i n g  o f  2 s t a t e s  a t  s m a l l  

R .  
e n e r g i e s ,  b e c a u s e  of t h e  g r e a t e r  coulomb r e p u l s i o n .  

However,  a r e l a t e d  e l a s t i c  e f f e c t  may a l s o  a r i s e  f rom t h e  c u r v e  

I n  t h e  

I n  He+  + He s u c h  e f f e c t s  a r e  p r o b a b l y  c o n f i n e d  to s t i l l  h i g h e r  

A q u a n t i t a t i v e  d i s c u s s i o n  of i n e l a s t i c  s c a t t e r i n g  and o f  t h e  e l a s t i c  

e f f e c t  o f  c u r v e  c r o s s i n g s  and a p p r o a c h e s  c a n  o n l y  be c a r r i e d  o u t  i n  t h e  

f ramework  o f  a g e n e r a l  t h e o r y  o f  c u r v e  c r o s s i n g .  F o r t u n a t e l y ,  t h a t  t h e o r y  

i s  u n d e r g o i n g  r a p i d  deve lopmen t  now.&= 

i n c l u d i n g  t h e  i n e l a s t i c  c r o s s  s e c t i o n s  now b e i n g  o b s e r v e d  by L o r e n t s  

and  A b e r t h l ,  must be  l e f t  to l a t e r  work. 

I t s  a p p l i c a t i o n  t o  t h i s  p r o b l e m ,  

c. CONCLUSIONS 

A 2 - s t a t e  t h e o r y ,  u s i n g  t h e  d i a b a t i c  p o t e n t i a l  c u r v e s  a d v o c a t e d  by 

L i ~ h t e n , ~  a p p e a r s  a d e q u a t e  t o  d e s c r i b e  q u a n t i t a t i v e l y  a l l  t h e  m a j o r  f e a -  

t u r e s  s e e n  e x p e r i m e n t a l l y  i n  t h e  e l a s t i c  s c a t t e r i n g  o f  H e +  on  He i n  t h e  

e n e r g y  r a n g e  up t o  300 eV, i n c l u d i n g  t h e  n o n - z e r o  minima o f  t h e  i n t e r -  

f e r e n c e  p a t t e r n  and  t h e  s e c o n d a r y  o s c i l l a t i o n s .  

l a t i o n s  a r e  p r o b a b l y  due  t o  n u c l e a r  symmetry ,  and  a n  e x p e r i m e n t  h a s  b e e n  

p r o p o s e d  t o  c o n f i r m  t h i s  by s c a t t e r i n g  4 H e +  on 3He.  

which  t h e y  h a v e  been  c a r e f u l l y  computed,  t h e  u p o t e n t i a l  o f  Reagan ,  
Browne and  Matsen"  and  t h e  g p o t e n t i a l  o f  P h i l l i p s o n "  and  L i c h t e n 7  a r e  

s a t i s f a c t o r y ,  b u t  t h e  e x p e r i m e n t s  a t  l a r g e  a n g l e  and  e n e r g y  p r o b e  t o  

T h e s e  s e c o n d a r y  o s c i l -  

I n  t h e  r e g i o n  i n  



r e g i o n s  o f  s m a l l  R ,  and t h e  e x p e r i m e n t s  a t  low e n e r g y  depend  on r e g i o n s  

o f  l a r g e  R ,  where  t h e  p o t e n t i a l s  have  n o t  been  a d e q u a t e l y  computed a s  

y e t .  We a d v o c a t e  e x t e n s i o n  o f  t h e  p o t e n t i a l  c a l c u l a t i o n s  i n t o  t h o s e  

r e g i o n s .  

The s y s t e m  s t u d i e d  h e r e ,  He' + H e ,  i s  one  o f  a r e l a t i v e l y  s m a l l  

number o f  d i a t o m i c  c o m b i n a t i o n s  t h a t  c a n  b e  t h o r o u g h l y  s t u d i e d  a t  p r e s e n t  

b o t h  e x p e r i m e n t a l l y  and  t h e o r e t i c a l l y .  The a g r e e m e n t  be tween  t h e o r y  a n d  

e x p e r i m e n t  i n  t h e  e l a s t i c  s c a t t e r i n g  i s  a g r a t i f y i n g  t e s t  of t h e  a d e q u a c y  

o f  o u r  t h e o r e t i c a l  u n d e r s t a n d i n g  and o f  t h e  a p p r o x i m a t i o n s  u s e d  i n  t h e  

c o m p u t a t i o n s .  I t  i s  e v e n  more i m p o r t a n t  t o  e x t e n d  t h i s  t e s t  t o  t h e  i n -  

e l a s t i c  c o l l i s i o n s  t h a t  a r e  a g r e a t e r  t h e o r e t i c a l  c h a l l e n g e .  An e x t e n s i o n  

o f  t h e  e l a s t i c  c a l c u l a t i o n s  i n t o  t h e  r e g i o n s  where t h e  p o t e n t i a l s  a r e  

p r e s e n t l y  d e f e c t i v e  i s  an  e s s e n t i a l  p r e l u d e  t o  a t h o r o u g h  s t u d y  of t h e  

i n e l a s t i c  s c a t t e r i n g .  

The symmetry o f  t h e  coulomb f i e l d  i n  He; a l l o w s  s t r i c t  s e p a r a t i o n  

o f  t h e  wave f u n c t i o n s  i n t o  two p a r t s ,  one  g and  one  u .  A 2 - s t a t e  t h e o r y  

o f  t h i s  c o l l i s i o n  i s  r e a l l y  j u s t  a s u p e r p o s i t i o n  of two 1 - s t a t e  s o l u -  

t i o n s ,  and  i n  t h a t  s e n s e  t h e  t h e o r y  w e  h a v e  b e e n  u s i n g  i s  a v e r y  re- 

s t r i c t e d  2 - s t a t e  t h e o r y .  

when i t  d e a l s  w i t h  s t a t e s  t h a t  do i n t e r a c t  w i t h  e a c h  o t h e r ,  a s  t h e y  mus t  

i n  any  t h e o r y  o f  i n e l a s t i c  p r o c e s s e s .  Such i n t e r a c t i o n s  c a n  i n f l u e n c e  

e v e n  t h e  e l a s t i c  s c a t t e r i n g  (by  t h e  i n t e r a c t i o n s  of two or more g s t a t e s ,  

f o r  e x a m p l e ) .  The p o s s i b i l i t y  of  d e t e c t i n g  s u c h  a p e r t u r b a t i o n  i n  t h e  

e l a s t i c  s c a t t e r i n g  i s  one  o f  t h e  r e a s o n s  f o r  p u r s u i n g  f u r t h e r  t h e  t h e o -  

r e t i c a l  and e x p e r i m e n t a l  s t u d y  o f  t h e  e l a s t i c  c o l l i s i o n s  as  w e l l  a s  t h e  

i n e l a s t i c  ones .  

The r e a l  p r o b l e m s  o f  a 2 - s t a t e  t h e o r y  come i n  
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